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Abstract
In this paper, we consider the following nonlinear elliptic unilateral equations
of the type

N
a

—Zaai(x,u, Vu) + g(x,u,Vu) + |[ulPo-2u = f in Q
- i

In the anisotropic Sobolev space, we prove the existence of entropy solutions for

our unilateral problem, the function g(x, u, Vu) is a nonlinear lower order term

with natural growth with respect to |Vu/|, satisfying the sign condition and the

datum f belongs to L1(Q).

key words : Anisotropic Sobolev spaces, nonlinear elliptic unilateral problem,
entropy solutions.

1- Introduction

Let Q@ be a bounded open subset of R, N > 2. Boccardo and Gallouét have
considered in [14] the elliptic problem

{—diva(x, uVu) =f in Q
u=0 in 00
where f is a bounded Radon measure on Q. They have proved the existence

of solutions u € wyd(Q) forall 1< q<q = Ne-1

(1.1)

11) . Also, they have proved

some regularity results. In [11], Boccardo has studied the existence of entropy
solutions for the quasilinear elliptic problem of the type

{ —diva(x,u,Vu) = f — divd(u) in Q

u=0 on a0 (1-2)

with f € L*( Q) and ¢(u) € €° (R,RY). He has proved the existence and
some regularity of solutions. The most studied problems were involved in the
p-Laplace operators
Apu = div (|VulP~2Vu),
with p constant, where the authors have proved the existence of solutions for
some nonlinear elliptic unilateral problems in Sobolev spaces. (see for
example [13, 14, 20]).
In the framework of Orlicz Sobolev spaces, Aharouch and Bennouna [1]

have treated the quasilinear elliptic unilateral problem

{—div alx,Vu)=f in Q (13)

u=0 on 0dQ '

where f € L1(Q). They have proved the existence and uniqueness of entropy
solutions u € WLy (Q)without any restriction on the N-function M of the
Orlicz spaces (i.e. without assuming A, -condition), we refer also to [5, 10, 16]

for more details.
doola) duodelldlaodl | Y
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Recently, the anisotropic Sobolev spaces have attracted the attention of
many scientists and researchers (see. [7, 18, 22]), this impulse mainly comes
from their physical applications in the processes of image restoration, ows of
electro-rheological fluids and thermistor problem.

M. AL-hawmi, E.Azroul, H. Hjiaj and A.Touzani have studied in [2] the
existence of entropy solutions for some anisotropic quasilinear elliptic
unilateral problems
Au=p — divo(u) in Q
1.4
{ u=20 on aQ 14
where Au is an operator of Leray-Lions type acting from Wol'ﬁ(ﬂ)
into its dual define by

N
a
Au = — Z ox, a;(x,u,Vu)

where ¢(u) € €° (R,R¥) and p = f — div F such that f € L'(Q) and
F e [TV, LPi(Q).

L. M. Kozhevnikova has proved that the entropy solution obtained is a
renormalized solution in [19] of the problem under consideration.

N
Z(a,-(x, u, V), = [uP@2u+ b(x,u,Vu) + f(x) in Q (15)
; =0 on 0dQ

AL-hawmi, A. Benkirane, H. Hjiaj and A. Touzani have studied in [3] the
existence and uniqueness of entropy solutions for some nonlinear elliptic
unilateral problems

{Au =f in Q

u=0 on 090 (1.6

in Musielak-Orlicz-Sobolev spaces, where f € L1(Q) and
A:D(A) c WiL, (@) —>WGL,, () is the Leray-Lions operator defined as:

Au = —div a(x,Vu)
In this paper, we will prove the existence of entropy solutions for nonlinear
anisotropic unilateral elliptic problem of the type
{Au +gx,u,Vu) + |ulPe-2u=f in Q
u=0 on 09 ~
where Au is an operator of Leray-Lions type acting from Wé'p(ﬂ) into its dual
define by

(1.7)

N
a
Au = _Z a;(x,u,Vu)

ax;

vy |deold dulell dlaoll i (2) 2301~ (1) alaoll
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and the function g(x, u, Vu) is a non linear lower order term with natural
growth with respect to |Vu| satisfying the sign condition, that is
gx,u,Vu)u=0.

This paper is organized as follows. In section 2 we recall some de_nitions
and basic properties concerning the anisotropic Sobolev spaces.
We introduce in section 3 the assumptions on a;(x, u, Vu) and g(x,u, Vu) for
which our problem has at least one solution. The section 4 will be devoted to
show the existence of entropy solutions for our anisotropic nonilinear elliptic
unilateral problem (1.7).

2- Preliminary
Let @ be an open bounded domain in RV, N = 2 with boundary dQ.
Let Py Py Py be N + 1 exponents, withl <p; <oco for i=1,....,N.

We denote

P = Po,P1, -, Py), D’u=u and Diu=:—" for i=1,...N

X
We set
p=min{py,py,..,py} then p>1. (2.1)
The anisotropic Sobolev space WP(Q) is defined as follows

WP(Q) ={u € LPo(Q) and D'u € LPi(Q) for i=1,2,..,N}

endowed with the norm
||u||1,ﬁ = ?’:1 [ID*u]| picay- (2.2)

The space (Wlﬁ(n), ||u||15) is a separable and reflexive Banach space
(cf [22]).
We define also WP (@) as the closure of C(Q) in WP (Q) with respect to
the norm (2,2).
Now, we will present some important compacts embedding,

Lemma 2.1 Let Q@ be a bounded open set in R", then the following

embedding are compact

e ifp< Nthen W)’ (o) o Li(@) vq €[p,p[,

1 1 1
where —= ———,
r* p N

e ifp= Nthen Wy (2) 55Li(@) Vq €[p,oof,
e ifp> Nthen W;'p (@) o L=(@) n C°(g).

The proof of this lemma follows from the fact that the embedding W;‘i Q) -

W;’g (@) is continuous, and in view of the compact embedding theorem for
Sobolev spaces.

Definition 2.1 Let k > 0, we consider the truncation function T;(.): R - R
given by

(2) 230~ (1) ol T doola) dyaloll daodl | VY
A0 gL Al Ww aylsl




in anisotropic Sobolev spaces

Entropy solutions for some nonlinear elliptic unilateral proble

)

s if Is| <k,
— S
Ty (s) = ko if Is| > &,

and we define
T;‘p (@) = {u: Q>R measurable, T,(u) € W(l)'p(ﬂ) forany k > O}

Proposition 2.1 u € T(l,’p (@), fori=1,..,N, exists a unique measurable
function v; : 2R such that
D'Ty(u) = ViXqu<k; @.€. in Q for any k>0,

where x4 denotes the characteristic function of a measurable set A. The
functions v; are called the weak partial derivatives of u and are still denoted
D*u. Moreover, if u belongs to W(l,'1 (), then v; coincides with the standard
distributional derivatives of u, that is v; = D'u.
The proof follows the usual techniques developed in [12] for the case of
Sobolev spaces. For more details concerning the anisotropic Sobolev spaces,
we refer the reader to [8] and [15].
3 - Essential assumptions

Let © be a bounded open subset of RV (N > 2), we assume that the vector
P=Wo,P1 - , Py) satisfying the requirements that 1 < p; < o

for i=1,2,..., N}
Taking vy as a measurable function on Q with values in R such that

vt € wP(e) n L”(a).
We define the convex subset K, by
K, = {v € W(l)’ﬁ(ﬂ) suchthat v = Y a.e.in .Q}.

We consider a Leray-Lions operator A: W},’TJ(Q)H W‘LF(Q) given by
N

Au = — Z Dia;(x,u,Vu)

where a;: @ x Rx RY 3R are Carathéodory functions, for i =1,2,...,N},
(measurable with respect to x in @ for every (s, &) in Rx RY and continuous
with respect to (s,¢) in R x RN for almost every x in @ ), which satisfy the
following conditions

la(x,s, § )I< R () + s + £ for i=1,2,..,N}, (3.1)
a;(x,8,8)¢ = al&;|Pi for i=1,2,.., N}, (3.2)
(ai(xs,8— a(xs8)(&—&)>0 for &=*§ (33)

fora.e. xin Q@ andall (s,¢) in RxR", where R;(x) is a nonnegative function
lying in L?i (@) (@) and a,f > 0.

The nonlinear term g(x, s, ¢) is a Carathéodory function which satisfies
g(x,5,8)s =20 (3.4)
| g(x,5,)| < b(sD(c(x) + ZVI:IP1) (3-5)
where b : RT > Rt*is a continuous nondecreasing function, ¢ € L'(Q) We
consider the anisotropic nonlinear elliptic unilateral problem

(2) 321~ (1) alaol
02020 guigy



wiloy ahadl ol gaslll ehdll J5Lie gaed digdll Jolal!
.uolgall Jilaio adguw Wlclas 6 olg

Au+ g(x,u,Vu) + |ulPo2u=f in Q
(3.6)
u=20 on an
Where
f €L(Q) (3.7)

Now, we recall some important Lemmas useful to prove our main result.
Lemma 3.1 (see [17], Theorem 13.47 page 216) Let (u, ), be a sequence in
L'(Q) and u € L'(Q) such that

@ u, > u ae in Q,

(ii) u, =20and u=0 a.e. in Q,

(iii) f u, dx —>J’ udx,
Q Q

then u,, — u in L}(Q).

Lemma 3.2 (see. [7] page 6) Assuming that (3.1) - (3.3) hold, and let
(n)nen be a sequence in WP (@) such that u,, — uin WP (@) and

fn (|t P2y — [ulPo20) (tt — w)dx (3.8)

N
+ Zf (a;(x, up, Vu,) — a;(x,u, , V) (D'u,, — D'uw)dx — 0,
— Jo

thenu, —» u in W(l,‘p(n) for a subsequence.
4- Main results.
We first give the definition of entropy solutions for our problem (3,6) as
follows.
Definition 4.1 A measurable function u is called entropy solution of the
anisotropic nonlinear elliptic unilateral problem (3.6) if Tj (u) € K, and
satisfy

N
Z f a;(x,u, Vu)DiTk(un —v)dx + f g0, u, V)T (u,, —v)dx
— ‘e Q

(4.1)

f |u|Po-z2uTy (u, — vydx < f T (u, —v)ydx
Q Q

forany v € W(l,‘ﬁ @n L@

Our objective is to prove the following existence theorem.
Theorem 4.1 Assuming that (3.1) - (3.5) and (3.7) hold, then the problem
(3,6) has at least one entropy solution.
Proof of Theorem 4.1
Step 1: Approximate problems.
doola] duolelldaall | YO
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Let (fn)nen be a sequence in W'I’W(n) n L*(@) such that f, —» f in L'(2)

and

|fn| <|f| (for example f,, = T,,(f)) =. We consider the approximate problem.
N

ZI a;(x, T, (u,), Vun)Di(un —v)dx + f gn(x,uy, Vu,) (u, —v)dx
o 0 Q

+f |y, |Po-2u,(u, — v)dx < f fan(u, —v)dx 4.2)
Q Q -
forany v € WgP (@) n L”(Q)

g(xs8)
I >
1+31g(xsé)l gn(x,5,8)s 20,

19.(x,5,8)| <|gx,s &) and |g,(x,s,¢&)| < n.We define the operators 4,,
and G,, acted from W(l,’p(n) into its dual W'l'ﬁ(ﬂ) by

foranyv € K, and g,(x,s,§) =

N
(A, u,v) = Z f a;(x, T, (), Vu)D'v dx + f [ulPo-2uvdx
o @ o}

vu,v € WP (@)
and

(G,u,v) =f g(x,u,Vu)vdx Yu,v € W(l,’i(.().).
Q

Lemma 4.1 The operator B,, = A, + G, from W(l,'ﬁ(n) into W'l'ﬁ(n) is
pseudo-monotone. Moreover, B,, is coercive in the following sense: there
exists vy € Ky such that

(B‘nu! v— vo)
[lull1zp
In view of Lemma 5.1 (see Appendix), there exists at least one solution

u, € W(l,’r’ (@) of the anisotropic nonlinear elliptic unilateral problem (4.2) (cf.
[21], Theorem 8.2 page131).

— o0 as |lullyz » « for ve Ky.

Step 2: A priori estimates.

Letk = max(1, [[1h*|]w); We set v = u, — nTi(u, — p*) WaP (@) n
L®(@) for p small enough we have v € K, thus v is an admissible test
function in (4.2), and we obtain

N
D | @ TG, V) D TaCatn = ) dx + | g, Vi) TiCat = )l
- Q Q

+ f [un|PO-2u, Ty (uy — 1.0+)dx < f fnTr(u, — 1P+)dx (4.3)
Q Q

v | deold dulell dlaoll i (2) 2301~ (1) alaoll
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From (4.3), it follows that
N

Z f a; (xr Tn (un)r Vun)Diun dx + f gn(x- Uy, Vun)undx
i jup—y 1<k )
+ [ o TG —$*)dx < [ fuTwGun —p*dx (4.4)
v Q Q
N @y, T, V) D'y dx + Gy, Vi, e
o Y {lun—9* |k} {lun—y+|<k}

Since k > ||1,b+||oo then Ty (u,, — ') have the same sign as u, on the set
{lu, — Y| > k} it follows that

j It |Po-220, T (ut, — ) dx
Q
- f it PO, (1t — v)dx
{lup—y*I<k}
+f |t P22, T (a1, — o)
{lup—9t|>k}

> f [P0 — f it [Po-1 [+ | dx
{lup—9*|>k} {lup—y*|sk}

In view of (3,2), we obtain

N
« Z[ D'u, +f |, |Po
i 15k {un—9* 1>k}
N
< Zf ai(x,T,,(un),Vun)Diun dx
Syt 1si
+f I U, Vit undx
{lup—v*|sk}
< f FuT iy — p)dx (45)
N
N |3,Ce, T (), Vat,) || D' |dx
S50
+f |Gt Ve | [ dx
{lup—v*|sk}
+ f [t |Po-1 [+ |dx
{lup—y*|<k}

Thanks to Young's inequality we have

(2)532Jl-(1) a0l
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| fal P 1 dx < [aal?o [y *1dx + Cq 6)
{lup—p+I<k} {lup—y*isk}
also, in view of (3,1) and Young's inequality, we have

N

> |a,Ce, T ), Vit | D] dx
{lun—y*|<k}
N
<s) | R,(0)| D'y |dx
— Syt
N
+BZ | |21 Dy |dx
{lun—p*|<k}
i Pi-1
+BZf o IDRtldx < G, 4.7
(lun—ll’+|<k}
+C3Zf |u, |2 dx +— Zf Diun|m dx
{lun—yt|<k} ( n—t|<k}

+C4Zf D¢+|—dx+c52f D+ " d
—— (It =+ 1<)

also, in view of (3.5) and Young's inequality, we have

N

> |90 0, V1) | D] dx
— Jjup—yp+isk)
N
< Zf blu,|(c(x) + |Dlun
— Jjup—yptisk)
N
< Cq +Zf |D'u, )" D'yt dx (4.8)
— Sy —yptisk)
N
a i i
< GCq +EZ[ |Dlun|p dx
— Jluy—p*Isk)

N
+C7ZI |Di¢+|pid
— =+ <k}

By combining (4.5) - (4.8), we deduce that

"Dy dx

42] |D un|pl dx + - 2f |u, |Po dx (4.9)
{lu lll+|<k} {lup—ptisk}

Skllfllﬁ”Z[{ [P dx + Cy

lun—p*1<k}

YA | deol) dnlell dlaol T (2)o10)- (1) alaoll
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Then, there exists a constant €4 depending only on k such that
N

a i Pi
ZZ f“ ) }|D u,|” dx < Co(k) (4.10)
- up,—yt|sk

and since
{x € 0, [upl <k} cfx € @, luy—pH <k + || }
Therefore

N
Zf DTy (u)|” dax
i=1 Q
B N
ZJ |Diun|p'dx+j T, () [P0 dx
=t {lunl<k} Q
N

Zf{l " }IDiunl”idHlklpolm
- Up— <k+ o

A E

IA

IA

and we obtain

Tz < a1 (e |p*1] ),
where C4; is positive constant that does not depend on n. Thus, the sequence
(Ty(u,)), is bounded in W(l,'ﬁ (Q)uniformly in n, then there exists a
subsequence still denoted (T (u,,)),en @nd a function v, € W(I,'ﬁ (@

such that
{ Ti(uy) = vy weakly inWg (@), } (@.11)
Tr(u,) — v strongly in L2(Q) and a.ein Q

On the other hand, thanks to (4.9) and Poincaré inequality, we have

N N
14 i pr i Pi
IV TeCully = . [ 10Teul dx <" [ [DTucn[" dx+ wial
- i=1 n i=1 ﬂ

IA

4 4 ?
EkIIfI|1+ VI Te(u)lly + C1z (412)

IA

Al + Zenpvr P+c
—K|Ifl], + —CNII Y TeCu)Ilb + Cro

Therefore, by taking §CN < % , there exists a constant €5 that does
not depend on k and n, such that

IVTk@n)ll, < Cisk?  for  kx1
and we obtain

kmeas {|u,| > k}=j

{lunl> K}

| TeCun)ldx < fn | o) dx

= ||1||p, I Ti(un)llp (413)

(2)s32)1-(1) slowll # deolod duolell daoll | Y9
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q.

»

< CIV Tr(un)llp < Cra
which yields

meas {|u,| > k} < Ci4 %—) o, k- (4.14)
kP
Now, we will show that the sequence (u,), is a Cauchy sequence in
measure. Indeed, we have forevery § > 0,
meas {|lu, — u,,| > 5}
< meas {|u,| > k} + meas {|u,| > k}
+ meas {| Tp(u,) — Tr(wn)| > 63

Let € > 0, in view of (4.14) we may choose k = k(¢) large enough such that

£
meas {|u,| > k} < 3 and meas {{u,| > k} < (4.15)

Wl m

Moreover, thanks to (4.11) we have

Ty(u,) — Mg strongly in L2(Q) and a.ein Q
Thus (T (u,))nen is @ Cauchy sequence in measure, and forany k > 0 and
§,& > 0, there exists ny = ny(k, 5, €) such that

meas {| T(u,) — Tr(u,| > &} S; forall mn = ny(k,,¢) (4.16)

By combining (4.15) and (4.16), we conclude that : for all §, e > 0, there exists
ngy = ngy(J, €) such that

meas {|lu, — u,,| > 6} <e¢ forany mmn = n,.
It follows that (u,), is a Cauchy sequence in measure, then converges almost
everywhere, for a subsequence, to some measurable function u. Thanks to
(4.11) we obtain

{ T,(u,) = T(w) weakly in W(l,’p ), } (4.17)

T(u,) = Typ(uw) strongly in L2(Q) and a.einQ
Step 3: Convergence of the gradient.
In the sequel, we denote by £;(n) i = 1,2... a various functions of real
numbers which converges to 0 as n tends to infinity.

b(k). 2

Let pr(s) = s. e?s? where Y= (;) . Itis obvious that
' b(k) 1
@1 (s) — Tl(Pk(s)| 23 vsER.

We also consider h >k >0 and M = 4k + h and we set

By taking v = u, — n(pk(w,,) we have v > P for 5 small enough, thus v is
an admissible test function in (4.2), and we obtain

v, |&eol dalell dlaoll e | (2)a0ll- (1) alooll
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N
| @ T, Vi) o@D o dx + [ 9o, Vudgr(@p)dx
o T Q
+ f [un P2 uppp (Wp)dx < f fror(wn)dx
Q Q

It is easy to see that Diwn =0on {|u,| > M} and since

(X, Uy, VUup)@p(@y) = 0 on {[u,| > Kk}, then

N

D0 e T PTw ) gonplondx + | - gutxun Vuplond
o lun|<k

+ a2 (@)dx < [ frpn(on)dx (4.18)
{lun|<k} Q

First estimate :
We have

N
20| e ), TTwa) @' (D', dx

N

- Z f{l | k}“i(x' T (), VT () @i (@) D' Tog(t — Tie(w)) dix (4.19)
o Uunls

N

+ Z f ai(x; TM (un)r VTM (un)) (P’k(wn)Diwn
{lun|>k}

On one hand, since |u, — Tyx(u)| < 2kon {|u,| < k}, then
N
Y ), Vi) ¢ @)D Tar(aty — Tew) dx
— J{uy <k}
N
=3 | @l T, T4(u)) ¢ @n) (D Tutatn) ~ D'Ta(w)) dx (420)
— Jo

N
0 @ Ta), VT4(u) ¢, (@)D Ty(dx
(>}

Since 1< ¢, (w,) < @' (2k), then

N
D e ). P ) @)D T

lup|>k}
N

<p @0y |
i=1 {

(2)532Jl-(1) a0l
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and since (|a;(x, Tk(un),VTk(un))DnGN is bounded in LP:(Q), then there

exists 9 € LPi(Q)such that (Jai(x T (un), VT (w))|) = 9 in LPi(Q) .
Therefore

N
Z f{ N k}|ai(x,Tk(un), VT, (u)|| DTy (w)|dx

N

— Zf 19| DiTk(u)|dx =0
— J{jun|>k}

It follows that

N
z J;I | k}ai(x, Ti(un), VT (uy)) ‘P'k(wn)Di T (w) dx = gy(n) (4.21)

On the other hand, for the second term on the right hand side of (4.19), taking
Zy = Uy — Th(uy) + Tr(uy) — Tr(w), then

N
Y| T, U ) o' (@)D w, dx
— Jjun|>ky
N
-> @, T (1), VT (1)) 91 (@)D’ 7, dx
~ Jun|>130{ 2y <2k}
N
+ z f ai(xr TM(un)r VTM(un)) (P,k(wn)Dl(un - Tk(u)))((lu,,|>h} dx
— J{jun|>k}n{lzn|<2k}
N
- @4, T ), VT (22)) 0 (@3 D To )t )
=1 {lun|>K}n{|zn]<2k}
N
> ¢/, (20) ) f{
In the same way as for (4.21), we can prove that

w'k(Zk)i J

After adding (4.19) - (4.22), we obtain
N

}|ai(x. Ty (up), VT (u)|| DTy (w)|dx

|un|>k

}|ai(x, Tk(un),VTk(un))H DiTk(u)|dx =g, (n). (4.22)

[un|>k

Z f (%, To (1), VT (1)) @' (@,) D' w,, dx (4.23)
- &

N
> Z[ ai(x, Tk(un),VTk(un)) (p’k(wn)(DiTk(u,,) - DiTk(u)) dx + &,(n)
=1 Q

which is equivalent to say

L ol R
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N
z f (ai(x' Tk(u")'VTk(u")) - a,-(x, T (u,), Vv Tk(u))) ‘p,k(wn)(DiTk(un) - DiTk (u)) dx
— Jo
N
= Z fﬂ a,-(x, Ty (), VTM(un)) ‘P,k(“’n)Diwn dx
N
= 2| T, Y Te@) ¢ @) DT = D'T(w)) dx — £,(m)
~ Ja

N
< Z fﬂ a,(x, Ty (i), VT (1)) ¢ (@) D' 0y dx

¥ <p’k(2k)i f{

}la,-(x, Ty (u,), VT (wy))|| DTy (w)|dx — £5(n)

lun >k

Concerning the second term on the right-hand side of (4.24), by applying the
Lebesgue convergence theorem, we have Ty (u,) — T, (u)in LP°(Q),

then, |a;(x, Tx(u,), V T (w))| — |ai(x, Ti(w),V Ti(w))| in LP:(Q), and since
DT, (u,) converges to DT, (u) weakly in LPi(Q2), we obtain

N
23(m) = 9" (20 ) f{ JaiCx TiCun) ITiun)l| DTyl dx — 0

[un|>k
as n— o (4.25)
We conclude that
N
Z f (ai(xr Tk(un)r VTk(un)) - ai(x' Tk(un)vv Tk(u))) ‘P,k(wn)(DlTk(un)
et
— D'Tp(w)dx (4.26)
N
<D [ @ Tr (). VT () ' (@)D 0 i + 25 (m)
—'Ja
Second estimate :

Now, we treat the second term on the left-hand side of (4.18). From (3.5), we
obtain

f 9(x,up, Vuy)o, (w,)dx
{lunl<k)

N
- b n DiT n P; n d
= J;Iuﬁlﬂc} (. |)<c(")+;| ()l )Ifﬂk(w )|dx
< b(k) c(x)|(pk(wn)|dx

{lunl<k}
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N
b(k ;
+—i )Z Jﬂ (%, TieCatn), VTie(t)) DT ie(utn) | pr(@n)| dx

< b(k) c(x)|pr(wy)|dx

{|un|-k}
b k
( )Zf a;(x, Ty (uy), VT (u)) DTy (w)|pp(@y,)| dx

, b Z ] @, (%, Ty (), VT () — (%, Ty (), V Ty () )
(D'Ty(un) — D'Ti ()l gpr(wn)ldx
b(k ; ;
+%Zf a; (%, Tie (), V T (W) (D The () — D'Ty(w) [y (wp)ldx
—Ja
'hereforeh,,
b(k) Z f (@:(x Toe(an), VT4 () — @4(2, Tie(un), V Tie(w) )
(D'Ty(uy) — D'T(w)lpy(wy)ldx
b(k) f ()| (@) dx

{lunlsk}

>

f 90,1, Vi) oy () dx| —
{lunl<k}

b k
: )Z [ oo T, VT4 0) @' Taun) = DT lpnaon)las

b k
( )Z [| e Tutan), L) DTl (a0 . (a27)

Ve have ¢, (w,) — ¢, ( Ty (u— Th(u))) weak-* in
L*(Q)as n — o as,the

f c(@)|pr(wn)|dx — c(®) |or ( Tar(w — Th(w))|dx =0
{lunl<k} {lunl<k}

(4.28)
>oncerning the third term on the right-hand side of (4.27), thanks to (4.25), we
lave

(%, Ti(), V T () (D' T () — D'Tye()) 9 (@,,) ] dx

N
Cou@I0 )" [ (e Tuan), U Tu) 1D Ticun) — DT dx

—0as n— o (4.29)
‘or the last term on the right-hand side of (4.27), we have that
a;(x, Tr(un), VT (1y)) Inen is bounded in LPi(Q),then there exists

Wi € LPi (@) such that a;(x, Ty (u,), VT (u,)) = ; in L”;(ﬂ) and, using the

vy | @20l dalell dlaol s (2) 301~ (1) alaall
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fact that

DT, (Wlg (@) = DT(we, (To(u— Tow)) in LFi(Q)
it follows that

N
D[ e Tatu), VTa(a) DT lpr(wn)] dx
=1 ﬂ

N
— ZL ¥ D'To(w) i (Toa(u — Thw))|dx =0 (430)
By combining (4.27) - (4.30), we get
b(k) ZN: f (ay(x. Tk.(un),VTk(un)') — a,(2, T (), V Tye(w)))
¢ e (D'Ti(us) = D'Ti@)lpr(wn)ldx

= | f g(x, un,Vun)wk(wn)dx| + &5(n) (4.31)
{lunl<k}

Third estimate :
We have

f |1t P2 () dX
{luy,|<k}
= [ 1Tk T i) (Tian) = Tiw)ervidx
Q

- T (1) P02 T () (T () — Ty(w))e?rdx

{lun|>k}

= f (ITk(u)Po-2Tk (uy) — | Ti(w) [Po-2 Ty () ) (T (1)
- ';'lk(u))ey“’%dx

+f | Tr(w)|Po-2 Ty (w)(Ty(u,) — Ty(w))e?*rdx
Q
_f{l [ k}lTk(u")lpo_sz(un)(Tk(un)— Ti(w))e?“hdx

> f (IT () P2 T (uy) — | Tie(w) [Po-2 Ty () (T (un)
- ;'lk(u))dx
_ eY(zk)zf | T () |Po-1| Ty (u,) — Ti(w)|dx
Q
_ e'y(Zk)Zf kPo-1|Ty (u,) — Tr(w)|dx
{lunl>k}

and as T, (u,,) — T, (u) in LPo(Q), then the second and the last term on the
right-hand side of the inequality above converges to 0 as n goes to infinity.

Therefore, we get
deoola) duolell dlaall | YO
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f (IT () [Po-2 Ty () — | Tr(w)|P0-2 Ty (w)) (T () — Ty (w))dx
o

< J{lun|<k}|unlpﬂ—zun(Tk(un) — Tk(u))(pk(wn)dx +eg¢(n) (4.32)
Thanks to (4.26), (4.31) and (4.32), we obtain
1 i [ (@:(x Tiua), VT () — (2, Tie (), ¥ Ti(w) )
2ed)a (D'Ti (1) — D'Ty(w)lpr(w,)dx
+J (ITku)IPo-2T  (uy) — | Te@)[P-2 Ty (w))(Tr(un) — Ti(w))dx
&
< Z f (2, Tog (), VT (1) @ () Doy dix
e Q

f g(xv Uy, Vun)(pk(wn)dx

{lunl<k}

+ f et [Po-2110, (@) dx + £7 ()
{luy |<k}

< f [0, (@wy)dx + &;,(n) (4.33)
We have *
|| frortwndx= | fuouu= Taa0)dx + a0 (4.34)
By combining (4.33) and (4.34), we obtain
EN:I (a,-(x, T (u,), VT (w,)) — a;(x, Ti(u,), V Tk(u))) (D'Ty(u,) — D'Ty(w))dx
ol Q

+J (ITku)IPo-2T  (uy) — | Te@)[P-2 Ty (w))(Tr(un) — Ti(w))dx
Q

Sf fn(pk(u— T,(w)dx + £4(n) (4.35)

Q

Then, by letting h and n goes to infinity in (4.35), we get

N . .

Z f (ai(x. Ty (uy), VT (1)) — a;(x, Ty (uy), V Tk(u))) (D'Ti(un) — D'Ty(w)dx
i=1 Q

+ f (ITk ) Po-2T g (up) — | Tre(@)[Po-2 Ty (W) (Ta(un) — Ti(w))dx — g
Q

(4.36)
Using the Lemma 3.2, we deduce that

Ty(u) — T(w) in WY (Q) (4.37)

Therefore,
DT, (u,) — DT, (u) a.einQ

(2) 321~ (1) alaol
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Step 4: The equi-integrability of g(x,u,, Vu,) and |u,|P'-2u,.
In order to pass to the limit in the approximate equation, we show that

gx, u,, Vu,) — g(x,u,Vu) and |u,|Po-2u,, — |u|Po-2u strongly in L'(Q)

By using Vitali's Theorem, it suffices to prove that g(x, u,, Vu,) and
|u,,|Po-2u,, are uniformly equi-integrable. Indeed, taking T4 (u, — Tx(u,)) as
a test function in (4.2), and using (3,2) since Tq(u, — Tp(u,)) have the
same sign as u,,, we obtain

J. gn(x: Uy, Vun) Tl (un - Th(un))dx
{h >|uyl}
oty Ty~ TaCun)dx
{h>unl}

= J. fn Tl (un - Th(un))dx (4'38)
{h>|un}

It follows that

f |GGty Vat,) | dx
{h+1 <|u,l}

+ f |, |Po-1dx
{h+1 <[uyl}

< J. gn(x: Uy, Vun) Tl (un - Th (un))dx
{h <|u,l}

oty T~ Ta(un)d
{h <|un|}

<[ T Ta@)dxs< [ fldx
{h <|uy|}

{h <|u,}

thus, for all n > 0, there exists h ()> 0 such that

|gn(x,u,, Vu,)|dx + f |u, [Po-1dx < (4.39)

n
{h () <lunl} 2

J;h () <lunl}

On the other hand, for any measurable subset E c Q, we have

doola) duolelldaall | YV
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f 19 (11, Vit |dx + f |, |Po-1dx
E E N
i Pi

< b(h () f (c(x)+Z|DlTh(n)(un)| )dx

E i=1
[ Mol ars [ g, vuldx

E {h (1) <lunl}

+ f |, [Po-1dx (4.40)
th (1) <lunl}

From (4.37), there exists () > 0 such that, for all E € Q, with
meas(E) < B(n), we have

N
: ; _ n
b(h ('7)] (C(x) +Z| DlTh(n)(un)|p>dx+j T ()| dx < 5
E i1 E
(441
Finally, by combining (4.39), (4.40) and (4.41), one easily has
| 1gnGe e Vldx + [ glre-rdx < (4.42)
E E

for all E such that meas(E) < B(1n),
we then deduce that(g,, (x, u,, Vun))n and (|u,|P*-2u,,),, are equi-integrable,

and by Vitali's Theorem we deduce that
g(x,u,, Vu,) — g(x,u,Vu) and |u,|Po-2u, — |ulPo-2u in L'(Q) (4.43)

Step 5: Passing to the limit.
Letv € K, n L*(), by taking v = u, — nTi(u, — ) as a test function

in (4.2), with 7 small enough and ¢ € K, n W(l)‘ﬁ (@), and putting M = k +
[|®]|s, We get obtain

N
Z f a;(x, Ty (uy), Vup) D' Ty (uy, — @) dx + f In (X, uy, Vu, )Ty (u, — @)dx
—i Jo Q
+ f [t Po-210, Tt — @)X < f FuTi(un — @)dx (4.44)
Q Q

On one hand, if |lu,| > M then |u, — @| = |u,| — |@| > k, therefore
{lu, — @| < k} € {|u,| < M}, which implies that

v | deol dunloll daol T, (2)30)1- (1) alaodl
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N
D[ @i TG, V) D TGt — )
— Jo
‘& - .
3" [ @ T ), VTw ) (O T () = D'0) - gisird
— Ja
N
= | (@l T an), VT ) = 45, T ), 99)) (D' TorCat) = D' ) Xyl
mhat

N
+ 3 [ @l T, v0) @' Tw(an) = D) xuy-pisds (445)
i=1 Q

According to Fatou's Lemma, we obtain

n—oo

N
lim ianJ. a;(x, Tn(un),Vun)DiTk(un —@)dx
i=1 Q

N
> i(x, Ty (w,), VT y (u,
>an (i T ), VT 1)
— a,(x Ty (), V9)) (D' Ty (ts) = D'®) X, plsig d%

N
+ lim Z J;l a;(x, Ty(u,), V) (Di Ty(uy,)

— D'Q) X{up-pl<ipdx (4.46)
The second term in the right hand side of (4.46) is equal to

N
D | @ T, 99) (' Tu@) = D) xqu,-pictidx
Q

Therefé?e, we get

n—oo

N
tim inf Y [ ;o T, Vi) DTt — 0) dx
- Q
i=1 N
>3 [ @ T, 99) 0'Tu@ - D'p) xu-piesdx
- Q
&:l
= ZJ. a;(x,u,Vu) (Diu - Di(p) X(un—ol<igdX
- Q
‘ﬁl
= ZJ. a;(x,u,vu) DiTk(u —@)dx
— Jo

On the other hand, we have T, (u, — @) = T (u — @) weak-+ in L* (),
and in view of (4 .43), We obtain,

(2) 3301~ (1) slaoli daola) dsololldlaoll | 9
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| 9 un V) Tuitn = 9)dx — | guCruVdTutu—g)dx,  (447)
Q Q
f [u, [Po-2u, Ty (u, — @)dx — f [u[Po-2uT(u — @)dx (4.48)
Q Q
and f faTr(u, —@)dx — f fTi(u—@)dx (4.49)
Q Q

Again, since T\ (u,, — @) — T, (u — @)in W(l,’i” (). Which completes the
proof of Theorem 4.1. for any positive function v € W(l,"’ Q) n L*(Q).

5- Appendix
Lemma 5.1 The bounded operator B,, = A,, + G, acted from Wop ()

into W_l'ﬁ(ﬂ) is pseudo-monotone. Moreover, B,, is coercive in the following
sense : there exists vy € K, such that
(Bnv, v — vg)

- oo as |[v|lyz & o for v € Ky.
vllp

Proof of Lemma 5.1
Using the Holder's inequality and the growth condition (3.1), we can show
that the operator 4,, is bounded and by (5.2) we conclude that B,, is bounded.
For the coercivity, let v, € K, , forany v € K,, we have

N

(A, v, vp) = Z'f a;(x,T,(v), Vv)Divo dx +f [v|Po-2vvodx

1
_l
i

<Z<f la; (x, Ty (v), Vv)l”ulx) 1D o1,
(f |v|mdx> 170ll,,

<Cys <f (Ri(x)p£+n(2—1)"5+|D"v|’") 1vollLz
— \Ja

S

MIH

Po
+ lv[Pedx | ||vollys
Q
and
N N
(A,v,10) = Z'f ai(x,Tn(v),Vv)Dlvdx+f |[v|Podx = a’Zf |Dlv|pl dx
—i Jq Q — Jo

with @’ = min a
It follows that

¢, |deoly dualoll daoll . (2)30)1- (1) alaodl
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1
/
0

(4,v,v —vo) _ |Ivoll

Dl lp(f |v|”°dx>
[1vll15 ||V||1p f' ||

1
_l
i

[vol
15| 0| <f (R[(x)p[+n(p1p‘+|Dl| ) [lvolliz
IIVIIH,
woll, s
v ~ 7
o Lp(f |v|1’0dx>p0 (5.1)
vl 5 \Va

Using the Holder's type inequality, we have forallu ,v € Wé’ﬁ (),

(G,v,v) =f ga(x, v, VV)vdx < |Ign(x,v,Vv)||p{||v||p_
n 13 11
1

, »i
< Uﬂ | gn(x, v, VV)|Pi + 1)) ||v||1'?, (5.2)

1
< (n”l{meas(ﬂ) + 1)1’1{|Iv||1’ﬁ < 016“1]”115

(G,v,vy) =f g.(x, v, VV)vodx
Q
1

N\t
< ([ 19w o) il (53)

Ml»ﬂ

N
/ i_|Pi
san(f ()P + |D'| ) lIvoll1z
Q

It follows that

1
G, v,V — v ||"0|| = “ 0|| pi
(Gav.v — v) =C16 LE_ Cy7 (f (c(x)Pi + |D* v| )
”v”l'ﬁ ||v||1,}7 || ||1,p i=1
(5.4)
From (5.1) and (5.4), as “v”m — oo, we conclude that
(Bav, v — o) (Anv,v —vg) (G0, v — vy) (5.5)

lvll15 [lvll1p (11P%>

It remains to show that B,, is pseudo-monotone. Let (u,) ey be @ sequence in
W(l,’ﬁ (Q) such that
u,—u in wib(q),
B,y — X in WY@ (5.6)
Lim sup (B, ug) < (tn )

We will prove that y,=B,u and (B,u;,u;) — (x,,u) as k— o
Firstly, in view of the compact embedding W'?(Q) < L2(Q) we have
u, — u in LE(Q) for a subsequence denoted again () kew-

(2)0301-(1) a2l oy dool) dralell dloodl | § Y
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As (u3) ey IS @ bounded sequence in W#(Q), then by the growth condition
(@i(x, T (w), V), is bounded in LP: (@) Therefore, there exists a function

®; € L”g(ﬂ) such that

a(x Tow), V) = 9, in IP(@) as k—o G.7)
and we have
[ug|Po-2u;,, — |ulPo2u in  LP°(Q) as k— o (5.8)
On the one hand, we have for all v € W(l)'p Q)
(Bnuk vuk) - (Xn vu) as k— »
(Xn,v) = lgingo(Bnuk s Ug)

k—co

N
= lim Zf a;(x, Tn(uk),Vuk)Divdx + Ifimf |ug|Po-2u;, vdx
— Q — Jo

N
=Zf (piDivdx+f |u|Po-zu vdx (5.9
— Jo Q

From relations (5.6) and (5.9), we obtain
Ifim sup (Bpuy , uy)

N

= lgim sup (Zf ai(x,Tn(uk),Vuk)Diuk dx+f Iuk|Podx>
—00 — Q Q
N =

SZf (piDludx+f |ulPodx. (5.10)
— Jo Q

On the other hand, by (3.3) we get

N
Z fn (ai(x, T (wg), Vuy) — a;(x, Ty (wy), Vay)) (Diuk — D'u)dx

+ Ifim f (lug|Po-2uy, — |ulPo-2u)(uy, —w)dx = 0 (5.11)
— 00 Q
Then

N
Zf ai(van(uk)vvuk)Diuk dx
Q
i=1 N
+f |y |Podx ZZf ai(van(uk).Vuk)Dludx
Q — Ja

N
+ f |ug|Po-2uy udx + Z f a;(x, T, (wy), Vi) (D'wy — D'u) dx
Q — Jo

+f |ulPo-2u (u;, — u)dx
Q

In view of Lebesgue dominated convergence theorem, we have

(2) 321~ (1) alaol
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T, (u) — T,(w) in LPi(Q) then a;(x, T, (w), Vi) — a;(x, T,(w),Vu) in
LPi(Q)and by (5.7), we get

llm inf <ZJ. a;(x, T, (uy), Vuk)D u,dx + f |uk|"°dx>
ZZJ. (pl-Diudx+f |ulPodx, (5.12)
— Jo Q
and

J.gn(x,uk,Vuk)ukdx —>J. ¢iudx (5.13)
Q Q

Having in mind (5.10) and (5.12) we conclude that
N
lfim <ZJ. a;(x, Tn(uk),Vuk)Diuk dx+f |uk|1’0dx>
—00 — Q

ZJ. o;D udx+f |ulPodx, (5.14)
According to (5. 8) (5.13) and (5.14), we obtain

(Bnug, ug) = (xn,u) as k— oo
Now, by (5.14) we can prove that
N

lim <ZJ. (ai(x, T (wy), Vug) — a; (x, T (wy), V) (Diuk - Diu) dx
=1 Q

k—co

+J. (Jug|Po-2uy, — [ulPo-2u) (uy, — u)dx> =0
Q

So, by virtue of Lemma 3.2, we get
u, — u in Wg¥ (@) and D'uy — D'u a.e. in Q,
then
a;(x, T (u), Vuy) — a;(x, T,(w),Vu ). in LP{(Q) fori=1,..,N,
and

Gn(x,u, Vuy,) — g,(x,u,Vu) in LPo (),
which implies that y = B,u, which completes the proof of lemma 5.1.
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