
Hadhramout University Journal of Natural & Applied Sciences, Volume 16, Issue 2, Dec 2019 

202 

ON 𝜃-  -Closed Sets and 𝜃-  -Continuous Functlons 
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Abstract 

 
In topological spaces, the class of 𝜃-closed sets and 𝜃-continuous function have introduced by Velicko and Fomin  

respectively. The purpose of this paper is to introduce and study these notions in grill topological spaces by giving the 

new classes of 𝜃-  -closed sets and 𝜃-  -continuous functions in grill topological space. 
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Introduction: 

Let       be a topological space and A   X. Throughout this paper, the closure and the interior of A will 

be denoted by Cl(A) and Int(A), respectively. Fomin [4] introduced the concept of  -continuous functions 

and Velicko     introduced the concept of  -closed sets in topological spaces. Recall [4] that a function  : 
            of a topological space       into a topological space       is called  -continuous 

function at x   X if for each open set V of  (x), there exists an open set U containing x such that  (Cl(U)) 

  Cl(V). The function   is said to be  -continuous if it is  -continuous at each point in X.  Recall [7] that 

a point  x   X is called  -cluster point of A if Cl(U)   A   𝜙, for every open set U in X containing x. 

The set of all  -cluster points of A is called the  -closure set of A and is denoted by    (A). A subset A of 

topological space is called  -closed set in X if    (A)   A. The complement of  -closed set in X is called 

 -open set in X.  

This paper is organized as follows. Section 2 explains some concepts and facts in grill topological spaces. 

In Section 3, we introduce the concept of    -open set and some results about it. Section 4, is devoted to 

introduce and study classes of 𝜃-  -closed sets. Finally in section 5 we introduce and study classes of 𝜃-

  -continuous functions. 

Preliminaries: 

Theorem 2.1 [3]. For a topological space       and A   X, the following hold:  

1- Int(X – A)   X – Cl(A). 

2- Cl(X – A)   X – Int(A). 

Theorem 2.2 [3]. Let A and B be two subset of a topological space      . If B is an open set in X then 

Cl(A)   B   Cl(A   B). 

Theorem 2.3    . Every  -closed set is closed set. 

Definition 2.4  2 . Anon-empty collection   of subsets of a topological space       is said to be a grill 

on X if   satisfies following conditions: 

1- 𝜙    . 

2- A     and A   B ⇒ B    . 

3- A, B   X and A   B     ⇒ A     or B    . 

For a topological space X, the operator  :  (X)    (X) from the power set  (X) of X to  (X) was first 

defined in  5 , as  (A)    x   X: U   A    , for each open set U containing x . The operator  (A):  (X) 

  (X), is given by  (A)   A    (A), for A    (X). This operator was also in  6  to called a 

Kuratowski closure operator. So for a grill topological space        , there exists an unique topology    

on X. This topology defined by  

      U   X :  (X  U)   X – U  . 
For any A   X,  (A)    Cl(A) such that  Cl(A) denotes the set of all  -closure points of A in a 

topological space (X,   ). The intersection of all closed subsets of         containing A is denoted by 

 Cl(A) and the interior set of A is defined as the union of all open subsets of         contained in A and 

is denoted by  Int(A). 
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Theorem 2.5    . Let         be a grill topological space and A,B   X, the following properties hold: 

1- A   B implies that  (A)    (B). 

2-  (A   B)    (A)    (B). 

3-  ( (A))    (A)   Cl( (A))   Cl(A). 

4- if  U     then U    (A)    (U   A). 

Theorem 2.6    . If A is a subset of a grill topological space         and U is an open set in       then 

U    (A)    (U   A). 

   -open sets: 

Definition 3.1. A subset A of a grill topological space         is said to be   -open set if A   

Cl     ( (A)) . The complement of   -open set is said to be   -closed set.  

For a grill topological space        , the set of all   -open sets in X denoted by   O      and the set of 

all   -closed sets in X denoted by   C     . 

Example 3.2. In a grill topological space        , where X   a, b, c ,      𝜙, X,  a, b   and      

  b ,  a, b ,  c, b , X ,   O        𝜙, X,  b ,  a, b ,  c, b   and 

  C        𝜙, X,  a, c ,  c ,  a  . 
Theorem 3.3. A subset A of a grill topological space         is   -closed set if and only if 

Int  (    (A))    A. 

Proof. A is a   -closed set in X if and only if X – A is a   -open set in X if and only if 

(X – A)   Cl     ( (X – A)) . 
If and only if by using Theorem (2.1.), 

(X – A)   Cl     ( (X – A))    Cl     (   (X – A))  

                     Cl     (X –     (A))    Cl X –    (    (A))  

                    X – Int    (    (A))    X – Int  (    (A)) . 
 If and only if Int  (    (A))    A.   

Theorem 3.4. Let         be a grill topological space. If    is   -open set for each       then         

is   -open set, where   is an index set. 

Proof. Since    is   -open set for each      , then      Cl     ( (  ))  for each      . Then by 

Theorem (2.5.), 

                       Cl     ( (  ))    Cl          ( (  ))  
          Cl     (     (  ))    Cl     (    (     (  ))  

        Cl     ((      )   (     (  ))  
    Cl     (          (      ))  

       Cl     ( (      )) . 
Hence        is   -open set.   

Theorem 3.5. Let         be a grill topological space. If U is an open set in       and A is   -open set 

then U   A is   -open set. 

Proof. Since A is   -open set then A   Cl     ( (A)) . Then by Theorem (2.6.) and (2.2.), 

      U   A   U   Cl     ( (A))    Cl U       ( (A))  
      Cl     (U)       ( (A))    Cl     (U    (A))  

      Cl     ( (U   A)) . 
Hence U   A is   -open set.   

For a grill topological space         and a subset A of X, the   –closure set of A is defined as the 

intersection of all   -closed sets containing A and is denoted by  
s  (A). The   -interior set of A is 

defined as the union of all   -open sets of X contained in A and is denoted by  
s   (A). It is clear that 

 
s  (A) is a   -closed subset of X and  

s   (A) is a   -open subset of X. 

For a subset A   X of a grill topological space        , it is clear from the definition of  
s  (A) and 

 
s   (A) that A    

s  (A) and  
s   (A)   A. 

Theorem 3.6. For a subset A   X of grill topological space        ,  
s  (A)   A if and only if A is a 

  -closed set. 

Proof. Let  
s  (A)   A. Then from the definition of  

s  (A) and Theorem  (3.3.),  
s  (A) is a   - 

closed set and so A is a   -closed set. 

Conversely, we have A    
s  (A). Since A is a   -closed set, then it is clear from the definition of 
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s  (A),  

s  (A)   A. Hence A    
s  (A).   

Theorem 3.7. For a subset A   X of grill topological space        ,  
s   (A)   A if and only if A is a 

  -open set. 

Proof. Similar to the proof of Theorem (3.6.).   

Theorem 3.8. For a subset A   X of grill topological space        , x    
s  (A) if and only if for all   -

open set U containing x, U   A   𝜙.  

Proof. Let x    
s  (A) and U be a   -open set containing x. If U   A   𝜙 then A   X – U. Since X – U 

is a   -closed set containing A, then  
s  (A)   X – U and so x    

s  (A)   X – U. Hence this is a 

contradiction, because x   U. Therefore U   A   𝜙. 

Conversely, let x    
s  (A). Then X   

s  (A) is a   -open set containing x. Hence by hypothesis,  X – 

 
s  (A)   A   𝜙. But this is a contradiction, because X –  

s  (A)   X – A.   

Theorem 3.9. For a subset A   X of grill topological space        , x    
s   (A) if and only if there is 

  -open set U such that x   U   A. 

Proof. Let x    
s   (A) and take U    

s   (A). Then by definition of  
s   (A) we get that U is a   -open 

set and x   U   A. 
Conversely, let there is   -open set U such that x   U   A. Then x   U    

s   (A).   

Theorem 3.10. For subsets A,B   X of grill topological space        , the following hold: 

1- if A   B then  
s  (A)    

s  (B). 

2-  
s  (A)    

s  (B)    
s  (A   B). 

3-  
s  (A   B)    

s  (A)    
s  (B). 

4-  
s  (A)   Cl(A). 

Proof. 1. Let x    
s  (A). Then by Theorem (3.8.), for all   -open sets U containing x, U   A   𝜙. Since 

A   B, then U   B   𝜙. Hence x    
s  (B). That is,  

s  (A)    
s  (B). 

2. It is clear from the Part (1). 

3. It is clear from the Part (1). 

4. It is clear from Theorem (3.8.) and from every open set U is   -open set.   

Similar for the proof of the last theorem, we can proof the following theorem: 

Theorem 3.11. For a subsets A,B   X of grill topological space        , the following hold: 

1- if A   B then  
s   (A)    

s   (B). 

2-  
s   (A)    

s   (B)    
s   (A   B). 

3-  
s   (A   B)    

s   (A)    
s   (B) 

4-    (A)    
s   (A). 

Theorem 3.12. For a subset A   X of grill topological space        , the following hold: 

1-  
s   (X – A)   X –  

s  (A). 

2-  
s  (X – A)   X –  

s   (A). 

Proof. 1. Since A    
s  (A) then X –  

s  (A)   X – A. Since X –  
s  (A) is a  s

-open set in         then 

X –  
s  (A)    

s    X –  
s  (A)     

s   (X – A). 

For the other side, let x    
s   (X – A). Then there is   -open set U such that x   U   X – A. Then X – U 

is a   -closed set containing A and x   X – U. Hence x    
s  (A), that is, x   X –  

s  (A). 

7. Since  
s   (A)   A then X – A   X –  

s   (A). Since X –  
s   (A) is a   -closed set in        , then 

 
s  (X – A)    

s
Cl X –  

s   (A)    X –  
s   (A). 

For the other side, let x    
s   (X – A). Then there is   -open set U such that x   U   X – A. Then X – U 

is a   -closed set containing A and x   X – U. Hence x    
s  (A), that is, x   X –  

s  (A).   

Theorem 3.13. For a subset A   X of grill topological space        , the following hold: 

1- if G is an open set of X then  
s  (A)   G    

s  (A   G). 

2- if G is a closed set of X then  
s   (A   G)    

s   (A)   G. 

Proof. 1. Let x    
s  (A)   G. Then x    

s  (A) and x   G. Let V be any   -open set in         

containing x. By Theorem (2.1.11), V   G is   -open set containing x. Since x    
s  (A), then by 

Theorem (3.8.), (V   G)   A   𝜙. This implies, V   (G   A)   𝜙. Hence by Theorem (3.8.), x    
s  (A 

  G). That is,  
s  (A)   G    

s  (A   G). 

7. Since G is a closed set of X then by part (1) and Theorem (3.12.), 
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     X –   
s   (A)   G     X –  

s   (A)     X – G      
s  (X – A)     X – G  

   
s    (X – A)   (X – G)  

   
s  (X – A)    

s  (X – G) 

   
s  (X – A)   (X – G) 

  (X –  
s   (A))   (X – G) 

       X – ( 
s   (A)   G). 

Hence  
s   (A   G)    

s   (A)   G.   

4. 𝜃-  -closed set: 

Let         be a grill topological space and A   X. A point x   X is called 𝜃-  -cluster point of A if 

 
s  (U)   A   𝜙, for every   -open set U in         containing x. The set of all 𝜃-  -cluster points of A 

is called the 𝜃-  -cluster set of A and denoted by  
s   (A). 

Definition 4.2. A subset A of grill topological space         is called 𝜃-  –closed set in         if 

 
s   (A)   A. The complement of 𝜃-  -closed set in         is called 𝜃-  -open set in        . 

Theorem 4.3. Every 𝜃-closed set in a space       is 𝜃-  -closed set in grill topological space        . 

Proof. Let A be a 𝜃-closed set in a space      , that is,    (A)   A. It is clear that A    
s   (A). We 

prove that  
s   (A)   A. Let x    

s   (A). Then U   A   𝜙, for every   -open set U of         

containing x, since U    
s  (U), then  

s  (U)   A   𝜙, for every   -open set U in         containing x. 

Since  
s  (U)   Cl(U) then Cl(U)   A   𝜙, for every   -open set U in         containing x. Then x 

    (A)   A. Hence  
s   (A)   A. That is, A is a 𝜃-  -closed set in grill topological space        .   

The converse of the last theorem need not be true. 

Example 4.4. In a grill topological space        , where X  a,b,c ,    𝜙, X,  a, b   and       c , 
 a, c ,  b, c , X , the set  a  is a 𝜃-  -closed set in         but it is not 𝜃-closed set in (X,  ). 

Theorem 4.5. Every 𝜃-  -closed set is   -closed set. 

Proof. Let         be a grill topological space and A be a 𝜃-  -closed set, that is,  
s   (A)   A. It is 

clear that A    
s  (A). We prove that  

s  (A)   A. Let x    
s  (A). Then U   A   𝜙, for every   -open 

set U in         containing x. Since U    
s  (U) then  

s  (U)   A   𝜙, for every   -open set U in 

        containing x. Then x    
s   (A)   A. Hence  

s  (A)   A. That is, A is a   -closed set in grill 

topological space        .   

The converse of Theorem 4.5. need not be true. 

Example 4.6. Let         be a grill topological space. X  a, b, c ,    𝜙,X,  a, b   and   
 (X)  𝜙 . The set  b  is a   -closed set in         but it is not 𝜃-  -closed set, where  (X) is the 

power set of X. 

Theorem 4.7. For every   -open set G in grill topological space        ,  
s   (G)    

s  (G). 

Proof. Let x    
s  (G). Then for every   -open set U in         containing x, U   G   𝜙. Since U   

 
s  (U) then  

s  (U)   G   𝜙. Hence x    
s   (U). That is,  

s  (G)    
s   (G). For the other side, let x   

 
s   (G). Then for every   -open set U in         containing x,  

s  (U)   G   𝜙. 

Since G is   -open set U in        . Then by Theorem (3.13.),  
s  (U)   G    

s  (U   G). Then  
s  (U 

  G)   𝜙. Hence  U   G   𝜙. That is, x    
s  (U). Hence   

s   (G)    
s  (G).         

From Theorems (4.3) and (4.5) we have the following between 𝜃-  -closed sets and some other known 

sets. 

          Closed set                      -closed set 

 

 

𝜃-closed set              𝜃-  -closed set    

 

diagram 1 

 

Theorem 4.8. A subset U is 𝜃-  -open set in grill topological space         if and only if for each x   

U there is   -open set V in         containing x such that  
s  (V)   U. 

Proof. Suppose that U is 𝜃-  -open set in         and x   U. Then x   X – U    
s   (X U). Then 

there is   -open set V in         containing x such that  
s  (V)   (X U)   𝜙. That is,  

s  (V)   U. 

Conversely, suppose that U is not 𝜃-  -open set. Then X – U is not 𝜃-  –closed set. That is, there is x   
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s   (X – U) and x   X – U. Since x   U then by the hypothesis, there is   -open set V in         

containing x such that  
s  (V)   U. This implies,  

s  (V)   (X U)   𝜙 and this contradiction since x   

 
s   (X U). Hence U is 𝜃-   -open set.   

𝜃-  -continuous function: 

Definition 5.1. A function                of a grill topological space         into a space       

is called 𝜃-  -continuous function if for each x   X and each open set V in       containing  (x), there 

exists   -open set U in         containing x such that  ( 
s  (U))   P  (V). 

Theorem 5.2. A function                is 𝜃-  -continuous if and only if  
s   ( −1

(V))   

 −1
(P  (V)), for every open set V in      . 

Proof. Suppose that   is 𝜃-  -continuous. Let V be any open set in      . Let x     −1
(P  (V)). Then 

 (x)   P  (V). Then  (x)   Y P  (V). Since Y  P  (V) is open set in       containing x and   is 𝜃-  -

continuous then there exists   -open set U in         containing x such that  ( 
s  (U))   P  (Y – 

P  (V)). This implies, 

      ( 
s  (U))   P  (Y – P  (V))   Y – p    P  (V)). 

Hence  ( 
s  (U))   p    P  (V))   𝜙. Since V   p    V)   p    P  (V)) then  ( 

s  (U))   V   𝜙 and 

so  
s  (U)    −1

(V)   𝜙. Since U is   -open set in         containing x then x    
s   ( −1

(V)). Hence   

 
s   ( −1

(V))    −1
(P  (V)). 

Conversely, Let x   X be any point in X and V be any open set of       containing  (x). Since 

V   (Y P  (V))   𝜙 then  (x)   P  (Y P  (V)). This implies, x    −1 P  (Y –P  (V)) . Since Y – 

P  (V) is an open set in       then by the hypothesis,  

 
s     −1

(Y – P  (V))     −1 P  (Y – P  (V)) . 

Then x    
s     −1

(Y – P  (V)) . Hence there is   -open set U in         containing x such that  
s  (U) 

   −1
(Y – P  (V))   𝜙. This implies,  ( 

s  (U))   P  (V). Hence   is 𝜃-  -continuous.  

Theorem 5.3. A function                is 𝜃-  -continuous if and only if  

 
s    X –  −1

(P  (V))    X –  −1
(V) 

 for every open set V in      . 

Proof. Suppose that   is 𝜃-  -continuous. Let V be any open set in      . Let x   X  −1
(V). Then  (x) 

  V. Since   is 𝜃-  -continuous then there exists   -open set U in         containing x such that 

 ( 
s  (U))   P  (V). This implies,  

s  (U)    −1
(P  (V)). Then 

 
s  (U)    X –  −1

(P  (V))    𝜙. 

Since U is a   -open set in         containing x then x    
s    X  −1

(P  (V)) . Hence  

 
s    X –  −1

(P  (V))    X –  −1
(V). 

Conversely, let x   X be any point in X and V be any open set in       containing  (x). Then x   −1
(V), 

that is, x   X  −1
(V). Then by the hypothesis, x    

s    X  −1
(P  (V)) . That  is,   -open set U in 

        containing x such that 

 
s  (U)    X –  −1

(P  (V))    𝜙. 

This implies,  
s  (U)    −1

(P  (V)) and so  ( 
s  (U))   P  (V). Hence   is 𝜃-  -continuous. 

Theorem 5.4. For a function               , the following conditions are equivalent: 

1.   is 𝜃-  -continuous. 

2.  
s   ( −1

(B))    −1
( 

s   (B)), for every subset B   Y. 

3.  ( 
s   (A))   p   ( (A)), for every subset A   X. 

Proof. (1) ⟹ (2): Let B be any subset of Y. Suppose that x    −1
(p   (B)). Then (x)   p   (B). Then 

there is an open set V in Y containing  (x) such that P  (V)   B  𝜙. Since   is 𝜃-  -continuous then 

there exists   -open set U in         containing x such that  ( 
s  (U))   P  (V). Then we have 

 ( 
s  (U))   B   𝜙. This implies,  

s  (U)    −1
(B)   𝜙. Hence x    

s   ( −1
(B)). That is, 

 
s   ( −1

(B))    −1
(p   (B)). 

(2) ⟹ (1): Let x   X be any point in X and V be any open set in       containing  (x). Since P  (V)   

(Y P  (V))   𝜙 then  (x)   p   (Y P  (V)). This implies, x    −1 p   (Y  P  (V)) . Since p   (Y – 

P  (V))   Y then by the hypothesis, 

 
s     −1

(p   (Y – P  (V)))     −1 p   (p   (Y – P  (V)))  

      −1 p   (Y – P  (V)) . 
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Then x    
s     −1

(p   (Y – P  (V))) . Hence there is   -open set U in         containing x such that 

 
s  (U)    −1 p   (Y – P  (V))    𝜙. This implies,  ( 

s  (U))   P  (V). Hence   is 𝜃-  -continuous. 

(2) ⟹ (3): Let A be any subset of X. Since   (A)   Y then by the hypothesis, 

 
s   (A)    

s     −1
( (A))     −1 p   ( (A)) . 

This implies,  ( 
s   (A))   p   ( (A)). 

(3) ⟹ (2): Let B be any subset of Y. Since  −1
(B)   X then by the hypothesis,  

   
s   ( −1

(B))    p     ( −1
(B))    p   (B). 

This implies,  
s   ( −1

(B))    −1
(p   (B)).   
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