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ON 0-G5-Closed Sets and -G5-Continuous Functlons

Amin Hamoud Saif* Nahid Mohammed Al-showhati**

Abstract

In topological spaces, the class of 6-closed sets and 8-continuous function have introduced by Velicko and Fomin
respectively. The purpose of this paper is to introduce and study these notions in grill topological spaces by giving the
new classes of 6-GS-closed sets and 8-GS-continuous functions in grill topological space.

Keywords: 0-closure points, 8-closed sets, 8-continuous functions.

AMS classification: Primary 54A05, 54A10, 54C10

Introduction:

Let (X,T) be a topological space and A € X. Throughout this paper, the closure and the interior of A will
be denoted by CI(A) and Int(A), respectively. Fomin [4] introduced the concept of 8-continuous functions
and Velicko [7] introduced the concept of 6-closed sets in topological spaces. Recall [4] that a function f:
(X,T7) = (Y,P) of a topological space (X,7") into a topological space (Y,P) is called B-continuous
function at x € X if for each open set V of f(x), there exists an open set U containing x such that f(CI1(U))
C CI(V). The function f is said to be 8-continuous if it is 6-continuous at each point in X. Recall [7] that
a point x € X is called B-cluster point of A if CI(U) N A # ¢, for every open set U in X containing x.
The set of all B-cluster points of A is called the 8-closure set of A and is denoted by CI®(A). A subset A of
topological space is called 6-closed set in X if CI°(A) = A. The complement of 8-closed set in X is called
0-open set in X.

This paper is organized as follows. Section 2 explains some concepts and facts in grill topological spaces.
In Section 3, we introduce the concept of GS-open set and some results about it. Section 4, is devoted to
introduce and study classes of 8-G5-closed sets. Finally in section 5 we introduce and study classes of 8-
GS-continuous functions.

Preliminaries:

Theorem 2.1 [3]. For a topological space (X,T") and A € X, the following hold:

I- Int(X — A) = X —CI(A).

2- CI(X—-A) =X -Int(A).

Theorem 2.2 [3]. Let A and B be two subset of a topological space (X,T). If B is an open set in X then
CI(A) n B € CI(A n B).

Theorem 2.3 [7]. Every 0-closed set is closed set.

Definition 2.4 [2]. Anon-empty collection G of subsets of a topological space (X,J") is said to be a grill
on X if G satisfies following conditions:

1- ¢p&G.

2- AeGand ACSB=>BEGg.

3- ABSXandAUBegG=>A€egGorBEGQG.

For a topological space X, the operator ¢: P(X) = P(X) from the power set P(X) of X to P(X) was first
defined in [5], as @(A) = {x € X: U N A € G, for each open set U containing x}. The operator Y(A): P(X)
- P(X), is given by P(A) = A U @(A), for A € P(X). This operator was also in [6] to called a
Kuratowski closure operator. So for a grill topological space (X, T, G), there exists an unique topology T'g
on X. This topology defined by

Te={UCX:y(X-U)=X-U}

For any A € X, P(A) = ¢CI(A) such that gCI(A) denotes the set of all G-closure points of A in a
topological space (X, T'g). The intersection of all closed subsets of (X,7,§) containing A is denoted by
6CI(A) and the interior set of A is defined as the union of all open subsets of (X, T, G) contained in A and
is denoted by ¢Int(A).
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Theorem 2.5 [6]. Let (X, T, G) be a grill topological space and A,B € X, the following properties hold:
1- A < B implies that @(A) S @(B).
2- @(AUB) = @(A) U @(B).
3- 0(e(A)) € o(A) = Cl(@(A)) & CI(A).
4- if UeT thenU N @(A) € (U N A).
Theorem 2.6 [1]. If A is a subset of a grill topological space (X, T, G) and U is an open set in (X,T") then
UnyA) S YU nA).
GS-open sets:
Definition 3.1. A subset A of a grill topological space (X,7,§G) is said to be GS-open set if A €
Cl[gInt(y(A))]. The complement of GS-open set is said to be GS-closed set.
For a grill topological space (X, T, G), the set of all GS-open sets in X denoted by GSO(X, T) and the set of
all GS-closed sets in X denoted by GSC(X, 7).
Example 3.2. In a grill topological space (X,T,G), where X ={a, b, c}, T ={¢, X, {a, b}} and G =
{{b}. {a, b}, {c, b}, X}, G°O(X,T) = {4, X, {b}, {a, b}, {c, b}} and
G5CX,T) = {$, X, {a, ¢}, {c}, {a}}.
Theorem 3.3. A subset A of a grill topological space (X,T,G) is GS-closed set if and only if
Int[P(gInt(A))] € A.
Proof. A is a GS-closed set in X if and only if X - A is a GS-open set in X if and only if
(X -A) € Cl[gInt(y(X - A))].
If and only if by using Theorem (2.1.),
(X -A) € Cl[gInt(P(X - A))] = Cl[5Int(;,Cl(X - A))]
= Cl[5Int(X - 5Int(A))] = CI[X - 4Cl(5Int(A))]
= X - Int[4Cl(5Int(A))] = X - Int[Y(gInt(A))].
If and only if Int[P(gInt(A))] € A.
Theorem 3.4. Let (X, 7, G) be a grill topological space. If A, is GS-open set for each A € A then Uyep Ay
is GS-open set, where A is an index set.
Proof. Since A, is GS-open set for each A € A, then A, S Cl[gInt()(A,))] for each A € A. Then by
Theorem (2.5.),
Unea Ax € Upen Cl[gInt(P(Ay))] € Cl[Upen gInt(P(An))]
< Cl[gInt(Urea W(AD)]  Cl[gInt(Upea(Ax U @(Ay)]
€ ClfgInt((Urea Ax) U (Uren @(A)]
S ClgInt(Upea Az U @(Uzpea A))]
= Cl[gInt(Y(Usea A0))]-
Hence U,¢, Ay is GS-open set.
Theorem 3.5. Let (X, T, G) be a grill topological space. If U is an open set in (X,7") and A is GS-open set
then U N A is GS-open set.
Proof. Since A is GS-open set then A € Cl[gInt()(A))]. Then by Theorem (2.6.) and (2.2.),
Un A cUn ClgInt(y(A))] € CI[U n gInt(P(A))]
= Cl[gnt(U) N gInt((A))] = ClsInt(U N Y(A))]
C Cl[gInt(y(U n A))].
Hence U N A is GS-open set.
For a grill topological space (X,7,G) and a subset A of X, the GS—closure set of A is defined as the
intersection of all GS-closed sets containing A and is denoted by ¢*CI(A). The GS-interior set of A is
defined as the union of all GS-open sets of X contained in A and is denoted by ¢’Int(A). It is clear that
¢CI(A) is a GS-closed subset of X and ¢’Int(A) is a GS-open subset of X.
For a subset A € X of a grill topological space (X,T,§), it is clear from the definition of ¢°CI(A) and
¢’Int(A) that A € §°CI(A) and ¢’Int(A) € A.
Theorem 3.6. For a subset A € X of grill topological space (X,7,G), ¢°CI(A) = A if and only if A is a
GS-closed set.
Proof. Let ;°CI(A) = A. Then from the definition of ¢°CI(A) and Theorem (3.3.), °CI(A) is a GS-
closed set and so A is a GS-closed set.
Conversely, we have A C ¢°CI(A). Since A is a GS-closed set, then it is clear from the definition of
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¢CI(A), °CI(A) € A. Hence A = ¢°CI(A).

Theorem 3.7. For a subset A € X of grill topological space (X,T,§), ¢'Int(A) = A if and only if A is a
GS-open set.

Proof. Similar to the proof of Theorem (3.6.).

Theorem 3.8. For a subset A € X of grill topological space (X, T, §), x € ¢°CI(A) if and only if for all GS-
open set U containing x, U N A # ¢.

Proof. Let x € ¢°CI(A) and U be a GS-open set containing x. If U N A = ¢ then A € X - U. Since X - U
is a GS-closed set containing A, then ¢°CI(A) € X — U and so x € §°CI(A) € X - U. Hence this is a
contradiction, because x € U. Therefore U N A # ¢.

Conversely, let x & g°CI(A). Then X— ¢°CI(A) is a GS-open set containing x. Hence by hypothesis, [X -
¢’CI(A)] N A # ¢. But this is a contradiction, because X - ¢°CI(A) € X - A.

Theorem 3.9. For a subset A € X of grill topological space (X, T, G), x € ¢’ Int(A) if and only if there is
GS-open set U such that x € U € A.

Proof. Let x € ’Int(A) and take U = ¢’Int(A). Then by definition of ¢’Int(A) we get that U is a GS-open
setandx € U C A.

Conversely, let there is GS-open set U such that x € U € A. Then x € U € ¢'Int(A).

Theorem 3.10. For subsets A,B € X of grill topological space (X, T, G), the following hold:

1- if A € B then §°CI(A) € 4°CI(B).

2- §°CI(A) U §°CI(B) < §°CI(A U B).

3- §°CI(A N B) € 5°CI(A) N §°CI(B).

4- °CI(A) < Cl(A).

Proof. 1. Let x € §°CI(A). Then by Theorem (3.8.), for all GS-open sets U containing x, U N A # ¢. Since
A € B, then U N B # ¢. Hence x € ¢°CI(B). That is, ¢°CI(A) < ¢°CI(B).

2. It is clear from the Part (1).

3. It is clear from the Part (1).

4. Tt is clear from Theorem (3.8.) and from every open set U is GS-open set.

Similar for the proof of the last theorem, we can proof the following theorem:

Theorem 3.11. For a subsets A,B € X of grill topological space (X, T, G), the following hold:

1- if A € B then ¢’Int(A) C §’'Int(B).

2- ¢’Int(A) U ¢’ Int(B) € ¢’Int(A U B).

3- Int(A N B) c §’Int(A) N °Int(B)

4- Int(A) C §’Int(A).

Theorem 3.12. For a subset A € X of grill topological space (X, 7T, G), the following hold:

1- SInt(X - A) = X - §°CI(A).

2- SCIX - A) = X - §Int(A).

Proof. 1. Since A € ;°CI(A) then X - ¢°CI(A) € X - A. Since X - ¢°CI(A) is a G*-open set in (X, T, G) then
X - ¢°’CI(A) = §'Int[X - §°CI(A)] € ' Int(X - A).

For the other side, let x € ¢°Int(X - A). Then there is GS-open set U such that x € U € X - A. Then X - U
is a GS-closed set containing A and x ¢ X - U. Hence x & ¢°CI(A), that is, x € X - ¢°CI(A).

7. Since ¢°Int(A) € A then X - A € X - ¢’Int(A). Since X - ¢’Int(A) is a GS-closed set in (X, T, G), then
¢CI(X - A) € S°CI[X - 5’ Int(A)] = X - 5’Int(A).

For the other side, let x € ¢°Int(X - A). Then there is GS-open set U such that x € U € X - A. Then X - U
is a GS-closed set containing A and x ¢ X - U. Hence x & g°CI(A), that is, x € X - 6°CI(A).

Theorem 3.13. For a subset A € X of grill topological space (X, T, G), the following hold:

1- if G is an open set of X then ¢°CI(A) N G € §°CI(A N G).

2- if G is a closed set of X then ¢°Int(A U G) € ¢°Int(A) U G.

Proof. 1. Let x € °CI(A) N G. Then x € §°CI(A) and x € G. Let V be any GS-open set in (X,T,G)
containing x. By Theorem (2.1.11), V. N G is GS-open set containing x. Since x € ¢°CI(A), then by
Theorem (3.8.), (V N G) N A # ¢. This implies, V N (G N A) # ¢. Hence by Theorem (3.8.), x € c°CI(A
N G). That is, ¢°CI(A) N G € ¢°CI(A N G).

7. Since G is a closed set of X then by part (1) and Theorem (3.12.),
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X - [¢Int(A) U G] = [X - §Int(A)] n [X - G] = [(*CI(X - A)] n [X - G]

C/CX-A)NX-G)]

CGCX-A)NGCIX-G)

=5CX-ANX-G)

=X -4Int(A)) N (X-G)

=X - (5Int(A) U G).
Hence ¢’Int(A U G) € §'Int(A) U G.
4. 6-GS-closed set:
Let (X,T,G) be a grill topological space and A € X. A point x € X is called 6-GS-cluster point of A if
FCI(U) N A # ¢, for every GS-open set U in (X, T, G) containing x. The set of all §-GS-cluster points of A
is called the 8-GS-cluster set of A and denoted by §*CI®(A).
Definition 4.2. A subset A of grill topological space (X,7T,G) is called 8-GS—closed set in (X,T,G) if
¢’C1%(A) = A. The complement of 8-GS-closed set in (X, T, G) is called 8-GS-open set in (X, T, ).
Theorem 4.3. Every 0-closed set in a space (X, T") is 8-GS-closed set in grill topological space (X, 7T, G).
Proof. Let A be a O-closed set in a space (X,T), that is, CI®(A) = A. It is clear that A € §*CI®(A). We
prove that "CI®(A) € A. Let x € §°CI®(A). Then U N A # ¢, for every GS-open set U of (X,T,G)
containing x, since U € ¢°CI(U), then ¢°CI(U) N A # ¢, for every GS-open set U in (X, T, G) containing x.
Since §°CI(U) € CI(U) then CI(U) N A # ¢, for every GS-open set U in (X,7,G) containing x. Then x
€ CI°(A) = A. Hence ¢°CI%(A) € A. That is, A is a 8-GS-closed set in grill topological space (X, T, G).
The converse of the last theorem need not be true.
Example 4.4. In a grill topological space (X,T,G), where X= {a,b,c}, T = {¢, X, {a, b}} and G = {{c},
{a, c}, {b, c}, X}, the set {a} is a 8-GS-closed set in (X, T, §) but it is not #-closed set in (X, T').
Theorem 4.5. Every 0-GS-closed set is G5-closed set.
Proof. Let (X,7,G) be a grill topological space and A be a 8-GS-closed set, that is, ¢°CI®(A) = A. It is
clear that A € ¢°CI(A). We prove that °CI(A) € A. Let x € ¢°CI(A). Then U N A # ¢, for every GS-open
set U in (X,T,G) containing x. Since U € °CI(U) then ¢°CI(U) N A # ¢, for every GS-open set U in
(X, T, G) containing x. Then x € ¢°CI®(A) = A. Hence ¢°CI(A) € A. That is, A is a GS-closed set in grill
topological space (X, T, G).
The converse of Theorem 4.5. need not be true.
Example 4.6. Let (X,7,G) be a grill topological space. X={a, b, c}, T = {¢,X, {a, b}} and G =
P(X)—{¢}. The set {b} is a G5-closed set in (X,7,G) but it is not 8-GS-closed set, where P(X) is the
power set of X.
Theorem 4.7. For every GS-open set G in grill topological space (X, T, G), °Cl®(G) = ¢°CI(G).
Proof. Let x € ¢°CI(G). Then for every GS-open set U in (X,7,G) containing x, U N G # ¢. Since U €
¢*CI(U) then ¢*CI(U) N G # ¢. Hence x € ¢*CI°(U). That is, *CI(G) S ¢°C1®(G). For the other side, let x €
¢’C18(G). Then for every GS-open set U in (X, T, G) containing x, g°CI(U) N G # ¢.
Since G is GS-open set U in (X, T, G). Then by Theorem (3.13.), ;°CI(U) N G = ¢*CI(U N G). Then ¢°CI(U
N G) # ¢. Hence U N G # ¢. That is, x € ¢°CI(U). Hence ¢°CI®(G) C ¢°CI(G).
From Theorems (4.3) and (4.5) we have the following between 0-GS-closed sets and some other known
sets.

Closed set————> GS-closed set

6-closed sef ——>0-GS-closed set
diagram 1

Theorem 4.8. A subset U is 8-GS-open set in grill topological space (X, T, G) if and only if for each x €
U there is GS-open set V in (X, T, ) containing x such that &°CI(V) € U.

Proof. Suppose that U is 0-GS-open set in (X,T,G) and x € U. Then x ¢ X - U = ¢°CI®(X—U). Then
there is G5-open set V in (X, T, G) containing x such that ¢°CI(V) N (X—U) = ¢. That is, ;°CI(V) € U.
Conversely, suppose that U is not 8-G5-open set. Then X - U is not 8-GS—closed set. That is, there is x €
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FCI®(X - U)and x ¢ X - U. Since x € U then by the hypothesis, there is GS-open set V in (X,T,G)
containing x such that ;°CI(V) € U. This implies, ¢°CI(V) N (X—U) = ¢ and this contradiction since x €
¢°C1°(X—U). Hence U is 6- GS-open set.
6-G5-continuous function:
Definition 5.1. A function f®X,T,G) — (Y, P) of a grill topological space (X,T,§) into a space (Y, P)
is called 8-GS-continuous function if for each x € X and each open set V in (Y, P) containing f(x), there
exists GS-open set U in (X, T, G) containing x such that f(5°CI(U)) S pCL(V).
Theorem 5.2. A function f®X,T,G) — (Y,P) is 6-GS-continuous if and only if &°CI®(f'(V)) €
F'(CL(V)), for every open set V in (Y, P).
Proof. Suppose that f is -G 5-continuous. Let V be any open set in (Y, P). Let x € f '(,CI(V)). Then
f(x) & pCL(V). Then f(x) € Y—pCIl(V). Since Y— pCl(V) is open set in (Y, P) containing x and f is 6-G5-
continuous then there exists GS-open set U in (X,T,G) containing x such that f(5°CI(U)) S pCI(Y -
pClL(V)). This implies,
FGCIU)) € pCUY = sCUV)) = Y = ,IneGCLV)).
Hence f(5°CI(U)) N ,Int(CL(V)) = ¢. Since V = ,Int(V) € ,Int(,Cl(V)) then f(5’CI(U)) N V = ¢ and
50 ¢°’CI(U) N f (V) = ¢. Since U is G5-open set in (X, T,G) containing x then x & ¢*C1%(f '(V)). Hence
SCLO(F (V) € £ GCUVY).
Conversely, Let x € X be any point in X and V be any open set of (Y, P) containing f(x). Since
V N (Y=pCL(V)) = ¢ then f(x) & pCL(Y—pCL(V)). This implies, x & f '[,CL(Y -pCL(V))]. Since Y -
pCl(V) is an open set in (Y, P) then by the hypothesis,
GCLf (Y = pCUV)] € f[pCUY = pCLV))].
Then x & ¢°CI°[f'(Y - pCI(V))]. Hence there is GS-open set U in (X, T, G) containing x such that ¢*CI(U)
N £ (Y - pCI(V)) = ¢. This implies, f(;°CI(U)) S pCL(V). Hence f is -G °-continuous.
Theorem 5.3. A function f®X,T,G) — (Y, P) is 6-G5-continuous if and only if
GC[X - fpCUVI EX - (V)
for every open set V in (Y, P).
Proof. Suppose that f is -G °-continuous. Let V be any open set in (¥, P). Let x € X—f (V). Then f(x)
€ V. Since f is 6-GS-continuous then there exists GS-open set U in (X,7T,G) containing x such that
f(G°CI(U)) € xCL(V). This implies, ;°CI(U) € f~'(,CL(V)). Then
¢CIU) N [X = LUV = ¢.
Since U is a GS-open set in (X, T, §) containing x then x & ¢*CI?[X—f ' (,CI(V))]. Hence
GCL[X - fCUV)] EX - f1(V),
Conversely, let x € X be any point in X and V be any open set in (Y, P) containing f(x). Then x € f'(V),
that is, x € X—f (V). Then by the hypothesis, x & §*CI°[X—f'(,CI(V))]. That is, GS-open set U in
(X, T, G) containing x such that
GCIU) N [X = £ (CUV))] = .
This implies, ¢°CI(U) € f'(,CL(V)) and so f(¢°CI(U)) € pCL(V). Hence f is 0-G5-continuous.
Theorem 5.4. For a function f®X,T,G) — (Y, P), the following conditions are equivalent:
1. f is 6-GS-continuous.
2. SCIO(fF'(B)) € f'(5°CIP(B)), for every subset B S Y.
3. f(°ClP(A)) € ,CI9(f(A)), for every subset A C X.
Proof. (1) = (2): Let B be any subset of Y. Suppose that x & fﬁl(pCle(B)). Thenf (x) & lL,Cl"(B). Then
there is an open set V in Y containing f(x) such that ,CI(V) N B =¢. Since f is 6-G5-continuous then
there exists GS-open set U in (X,T,G) containing x such that f(5°’CI(U)) € pCL(V). Then we have
f(G*CI(U)) N B = ¢. This implies, ¢°CI(U) N f'(B) = ¢. Hence x & ¢*CI1°(f'(B)). That is,
SCLO(F(B)) € £7(,CLO(B)).
(2) = (1): Let x € X be any point in X and V be any open set in (Y, P) containing f(x). Since pCI(V) N
(Y=5CL(V)) = ¢ then f(x) & ,C18(Y—pCI(V)). This implies, x & f'[,C1°(Y— pCl(V))]. Since ,CI°(Y -
pCl(V)) € Y then by the hypothesis,
¢ CIO[f(,CI8(Y - »CU(V)))] € £ [,CI8(,CIO(Y - CL(V)))]
= f[,CI8(Y - »CI(V))].
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Then x & §°CI°[f 1(II,Cle(Y - pCI(V)))]. Hence there is GS-open set U in (X,T,G) containing x such that
¢CI(U) N £ '[,CI8(Y - pCI(V))] = ¢. This implies, f(5°CI(U)) < pCI(V). Hence f is 8-GS-continuous.

(2) = (3): Let A be any subset of X. Since f(A) € Y then by the hypothesis,

¢’CI(A) € GCIO[F(f(A))] < £ [,CI8(f(A))].

This implies, f(5°CI°(A)) < ,CI°(f(A)).

(3) = (2): Let B be any subset of Y. Since f (B) € X then by the hypothesis,

flg"CIO(F'(B))] < (CI°[f(f'(B))] < (,CI°(B).

This implies, ¢°CI(f'(B)) € f'(,C1°(B)).
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