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Abstract

The purpose of present paper is to introduce a new extension of Hurwitz-Lerch Zeta function by using the
extended Beta function. Some recurrence relations, generating relations and integral representations are

derived for that new extension.
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1. Introduction

Recently, several extensions of Beta function have
been investigated (see [1], [5], [6], [8]. [12]). In 1997,
Chaudhry et al, [6] presented the following extension
of Beta function:

B,(x,y) = [ t* (1 - t)y—le(‘ﬁ) dt, (1.1)
(Re(p) > 0,Re(x) > 0,Re(y) > 0).

The special case p = 0 of (1.1) reduce immediately to
classical Beta function [14].

Chaudhry et al. [7] used the extended Beta function
given in (1.1) to define the extended Gauss
hypergeometric function as follows:

B,(b +n,c—b)z"

B(b,c—b) n!’ 1.2

E,(a,b;c;z) = Z(a)n
n=0

Al-Gonah and Mohommed in [1], introduced the
extended Beta function by

B, (x,y) =

1. x-1 -1 T P
fO t* 1 (1 -t)Y Epyg (m) dt, (1.3)

(Re(p) = 0,Re(p) > 0,Re(o) > 0,Re(T)
> 0,Re(x) > 0,Re(y) > 0),

Also Al-Gonahet al. in [2], introduced extension of the
Hurwitz-Lerch Zeta function by using the extension of
Beta function defined by (1.3), given by

(p,0,7)
;277 (2,5,a;p)

[ee)

~ Z WD B P(u+nv—p) 2"
- Lol Buv—p)  (+a)

(1.4)

n=0

(Re(p) = 0,Re(p) > 0,Re(c) > 0,Re(t) > 0; A, u
€ C;v,a € C\Zg;

s € Cwhen |z| < 1;Re(s+v—A—p)
> 1when |z| = 1).

The following extensions of Beta function are
introduced by Atash et al, [3] and Barahmah [5]
respectively:

1
c - - b
By = [ e =07, (<)
q
Ep’(7 (— m) dt, (15)

(Re(p) = 0,Re(q) = 0,Re(p) > 0,Re(0)
> 0,Re(x) > 0,Re(y) > 0)

And
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1
(p.o,7) _ - - b
By = [ oo, (<)
q
T R —
Be (¢ 1_t)) dt, (1.6)

(Re(p) = 0,Re(q) = 0,Re(p) > 0,Re(o0)
> 0,Re(t) > 0,Re(x) > 0,Re(y)
> 0),

where E,;(z) and Ef;(z)denotes the generalized

Mittag-Leffler functions defined by [15] and [10] as
follows:

E,(2) = nzzom, (1.7)

(z,p,0,7 € C;Re(p) > 0,Re(c) > 0)

And

(©n 2"

El ()= —2n 2
p.o(?) . I'(pn + o) n!
n=

(1.8)

(z,p,0,T € C;Re(p) > 0,Re(o) > 0,Re(T) > 0).

The extended Beta function given in equations (1.5)
and (1.6) are used in [4] to define the following
extended Gauss hypergeometric function:

(p,o) .
Eylq (a,b;c; z)

_ i(@ B (b +mc = b) 2"
- *  B(b,c—Db) n!

) (1.9)

n=0

(Re(p) = 0,Re(p) = 0,|z| < 1;Re(c) > Re(b)
> 0,Re(p) > 0,Re(o) > 0)

and
(p,o,7) .
Eylq (a,b;c;2)

= BZEZ'U'T) (b+nc—b)z"
= Z@n Bb,c—b) n

(1.10)

n=0
(Re(p) = 0,Re(p) = 0,]z|] < 1;Re(c) > Re(b) >0
Re(p) > 0,Re(c) > 0,Re(t) > 0).
Clearly,
F@pD = p@p pai _ g plin - g

> "pp

The Hurwitz-Lerch Zeta function®(z, s, a) is defined
by (see, e,g,, [13, p. 121])

(o) Zn
O(z,s,a) = ;m (1.11)

(a € C\Zg, s € Cwhen |z| < 1; Re(s) >
1 when |z| = 1).

The following generalizations of the Hurwitz-Lerch
Zeta function ®(z, s, a)is defined in [9, p. 313] as:

- (W, 2"
P n! (v), n+a)s’

D u0(2,5,a) = (1.12)

(A wveECaeC\Zy;s € Cwhen |z| < 1;Re(s +
v—A—w >1when|z| =1).

The integral representation of (1.12) is given by:

q)l,u;v(z' S, a) =
1 (®4s-1,-at caye o=t
@fo 5 e G F (4, v ze™h) dt. (1.13)

Parmar and Raina [11] used the extended Beta
function B(x,y;p) to introduce the following
extension of generalized Hurwitz-Lerch Zeta function:

q)/l,u;v(z's’a;p)

=Z(/1)nB(#+n,v—#;p) z
+ o Buv-u)  (nt+a)”

n=

n

(1.14)

(p=0;\,u€C;v,a€eCC\Zy;s € Cwhen |z| < 1;
Re(s+v—A—p) >1when|z| = 1),

with the integral representation [11, p. 120(3,1)]:

(I)A,u;v (Z' S,a; P)
= %fow 57 e F (A, v;ze”H) dt, (1.15)

(Re(p) = 0; p = 0,Re(a) > 0; Re(s) > 0 when |z|
<1
(z # 1);Re(s) > 1whenz = 1)

Motivated by various recent interesting extensions of
the Hurwitz-Lerch Zeta function, we introduce a new
form of extended Hurwitz-Lerch Zeta function by

using the extension of Beta function BI(J’?(’]“’T)(X, y)and
we investigate its properties.

2. A new extended Hurwitz-Lerch Zeta
function

We consider the following generalization of extended
Hurwitz-Lerch Zeta function

P77 (2,5,a;p,q)

@B Gy
n! B(u,v—p) (n+a)s’

2.1)

n=0

(Re(p) > 0,Re(q) = 0,Re(p) > 0,Re(c) >0,
Re(t) > 0; 4, 4 € C;v,a € C\Zg;

s € Cwhen |z| < 1;Re(s+Vv—2A—p) >1)
when |z| =1 '
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Remark 2.1.

(i) For t=1,equation (2.1) reduces to the
following new extended Hurwitz-Lerch Zeta

functiond)&ﬁfv) (zs,a;p,q)

(p.o1) (p,0)
(Dﬂf)[l?.v (Z' S,a; p’ Q) = q)/{)ﬂ?."/ (Z' 5 p' q)

N WnBE ety -
N n!
n=0

Buv—p) (it (2.2)

Re(p) = 0,Re(q) = 0,Re(p) > 0,Re(o) > 0;
Ap€Cv,aeC\Zy; .
s € Cwhen |z| < 1;Re(s+v—A—p) > 1whenlz| =1
(i) Fort=o0=p=1and p=q,equation (2.1)
reduces to theextended Hurwitz-Lerch Zeta function
givenin (1.14)

1V (z,5,2,p,p) = Oy (2,5, P)

— (A, B,(L+1n,v— n
:Z()n p(h+nv—p) z . 2.3)
n!  B(wv-—p) (n+a)
n=0
(iii) For t=0=p=1 and p=9q=0,

equation (2.1) reduces to the extended Hurwitz-Lerch
Zeta function given in (1.12)

q)(l,l,l)

A (z,s,0) = @y 4, (2,5,a)

IR IONON

= ya nl V), m+a)’ (2.4)

Remark 2.2. The extended Hurwitz-Lerch function

d)&ﬁfv'ﬂ(z, s,a; p,q) defined by equation (2.1) is seen

to satisfy the following limit case:

+(p,6,T) ) — 1 (oo (2 . .
®,.v " (zsapq = |xl|‘inw {%u;v (X’ S,a;p, q)},
® H(p,o1) n
_ZBp_q (M"‘n,V— M) VA (2 5)
+ B(Lv—p) n! (n +a)s’ '
n=

Re(p) = 0,Re(p) = 0,Re(p) > 0,Re(o) > 0,Re(t) > 0;
u € GCv,aeC\Zgy;
s € Cwhen |z| < 1;Re(s+v—p) > 1
when |z| = 1

Some properties of the extended Hurwitz-Lerch Zeta

function d)&ﬁfv'ﬂ(z, s,a;p,q) are established in the

form of the following theorems
Theorem 2.1. For the extended Hurwitz-Lerch Zeta

function d’ipf\}t)(z' s,a;p,q), we have the following

recurrence relation:

(p,o,7) (p,o7)
v q)/lf)l;;/r (Z’ S, a;p, q) =H CDAF,);:I—I;V+1(Z' $,a4p, q)

+(v —p @flf’!f];?l(z, s, a;p,q), (2.6)

(Re(p) = 0,Re(q) = 0,Re(v) > Re(p) >0).

Proof. To prove (2.6) using the following known
relation [5]:

(p,o,) _ noD (p.o,T)
Byg (xy) =By (x+1y)+By  (xy+1),(27)

in definition (2.1), we get:

o) (A)
o (@ s,ap,) = )

n=0

By A+ 1,y =W+ B utny—p+1)
X

B(u,v— )
Zn
X—
(n+a)s

B+ Lv—p) v W Bt nt Ly - 2
© Blwv-p Lo Bu+1Lv—pw)  (n+a)s

Bluv—u+1)
TBwv—p)
- M B,gf;’”’r)(u +nv—pu+1) 2"
n! B(u,v—u+1) (n+a)s

n=0

,(2.8)

which on using the relation [14]:

_Tere)

B(x,}’) - F(x+y);

(x,y € C\Zp) (2.9)

and then using definition (2.1) gives the desired result.

Remark 2.3. Using the following relations [5,p. 44]:

[oe]

B,Sfif'r) (x,y) = Z B,(,f;'”'f) (x+ny+1), (2.10)

n=0

o) _ N D 00
By, (x,1—y)= Z ! By,
n=0

n
 (x+n1), (2.11)
k
k
Blsf;’”) (xy) = Z (n) B;ZU'T) (x+ny+k—n),
n=0
(k € N), (2.12)

Theorem 2.2. For the extended Hurwitz-Lerch Zeta
function @;‘L‘;’\f)(z, s,a;p,q), We have the following
summation relations:

@7 (z,5,2;p, q)
[ee)

(Wi
= (V - M) z (V) q);ﬁ;i‘]t();v+k+1(z’ 5,4, b, q)' (213)
k=0 k+1
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70 (z,5,0;p,q)

_ Z (u—v+1)Bu+k1) (p,0,7) (2,5,aD,q)
- 1 _ Au+k;u+k+13\r 20 B By H Iy
— k!'B(u,v — )

(2.14)

o2 (z,5,a;p, )

r
_z r\ Blu+tkv—u—k+r) - (p,0,7) .
- kzo(k) B(wv-p) q)/1,u+l\<;v+r(z' s 4;p,q) (2.15)

and proceeding on the same lines of proof of Theorem
2.1. we get some summation relations in the form of
the following theorem:

Theorem 2.3. For the extended Hurwitz-Lerch Zeta
function CD,(Lplff)(z, s,a;p,q), we have the following
derivative formula:

dx ot
@{q)ipuv )(Z, s,a;p, q)}
D Wi
= W(Dgflz,’;)-l-k;v.yk(Z, s,a+ k; D, q)’
(e et (2.16)

Proof. From definition (2.1) and using the following
relation [15]:

— (p,o,7) .
o = G s ap)

= %Z”"‘, (k € Np), (2.17)

dk n! {

we fined

dk
dz* {q’/(lf),ff) (z,s,ap, q)}

(p,o,T) _
_ye W By " (wtny-p) znk
- n=k (

n—k)! B(u,v—p) (n+a)s’

(2.18)
replacing n by n + k, we obtain

dk
O s ap )

asi B sy o

n)! B(u,v—p) (n+k+a)s’

= Xn=o (2.19)

which on using the following relations [14]:

B(b,c — b) =%B(b+k,c—b), (2.20)

(a)m+n = (a)m(a + m)n: (2-21)

and then in view of definition (2.1), we get the desired
result.

3. Generating relations

In this section, some generating functions for the

extended Hurwitz-Lerch Zeta function
d)f{’,ff) (z,s,a;p,q) is established in the form of the
following theorem:

Theorem 3.1. For the extended Hurwitz-Lerch Zeta
function d)f{’,ff)(z, s,a;p,q), the following
generating function holds true:

n

(p.0,7) t
> DGR s 0,
n=0

= (1 -0 ey (ﬁs a p,q), (€RY

(Re(p) 2 0,Re(q) 20,1 € C,[t] < 1).

Proof. Denoting the L.H.S. of equation (3.1) by A then
applying definition (2.1), we get:

n=0

(p,oD)
. Bpq Blutky-p)  zk tn
{Zkz(](l ol B(u,v-p) kl(k+a)s

(3.2)

n!’

which on using relation (2.21), we obtain

A= iu) BT OB+ kv —p)  z¥
=N B(u,v — ) k! (k + a)®

(A + k),
X{Z%t"} (3.3)
n=0

using the following binomial series expansion [14]:

(1-t)«= Z%t”, (It] > 1), (3.4)

for evaluating the inner sum in equation (3.3), we get
the desired result,

Theorem 3.2. For the extended Hurwitz-Lerch Zeta
function @fl‘_’l;‘;’f)(z, s,a;p,q), the following
generating function holds true:

n

- t
Z(s)n(bflplff) (z,s+n,a;p,q) —
L n!
n=0

= CD/({’ lff) (z,s,a

(Re(p) = 0,Re(q) 20,1 €C,|t| < 1lal;s # 1).
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Proof. Using definition (2.1) in the R.H.S. of equation
(3.5), we get

¢§9H”VT)(Z s,a—1tp,q)

Z W BET D (w+k,v—p)  z*

a Buv—pw  (k+a—-1t)
Z Wi BETD (w+ kv —p)  z*

a Buv—-pw  (k+a)s

x(1— t )_S, (3.6)

(k+a)

using relation (3.4), we obtain

q);pfvr) (z,s,a—t;p,q)

SO AT

LR Bauv-m  Graor
g {;(s)" nt (k + a)"}'

K Buv-p ko)
3.7)

N (s)n{ DB wtkv—w 2k )

which on using definition (2.1) and after some
simplification yields the desired result,

Theorem 3.3. For the extended Hurwitz-Lerch Zeta

function @flpugvr)(z,s,a;p,q), the  following

generating function holds true:

n

- t
Z %20 (2,5,a;p,9) -
n=0 '
= e’f(D;Efj'”‘T)(—zt, 5,a;p,9Q), (3.8)

(Re(p) = 0,Re(q) = 0,Re(v) > Re(u) > 0;
Re(p),Re(0),Re(t) > 0),

Proof. Using relation (2.5) in the R.H.S. of equation
(3.8), we get:

e 0,07 (~zt,5,a;p, q)

(3.9)

:iiBZEZU'T)(M-l-k'V_M) (_1)ka ﬂ
Bwv—-w  ki(k+a)® n!’

replacing n by n — k in the R.H.S. of equation (3.9),
we get :

*(p,0,7)
etCDmf:” (—zt,s,a;p,q)

® * nplpor) ken, k
B +kv— —1Dkt"z
=ZZ g W (=1) (3.10)

B(u,v —pw)(n—k)! k! (k + a)s’

n=0 k=0

using the following relation [14]:

(=1)kn!
(—n)y '’

in equation (3.10), we obtain

n—k)!=

O<n<k), (3.11)

efq);fﬁ'a'f) (—zt,s,a;p,q)

NN B kv e
_Z{Z k! B(u,v —u) (k+a)*|n!’ (3.12)

n=0 \k=0

which on using definition (2.1) yields the desired
result.

4. Integral representations

In this section, some integral representations for the

extended Hurwitz-Lerch Zeta function
d)f{’,ff)(z, s,a;p,q) are established in the form of
the following theorem:

Theorem 4.1. For the extended Hurwitz-Lerch Zeta

function (Dfl’plff)(z, s,a;p,q), the following integral

representation holds true:

CD/({’ HUVT) (z,s,a;p,9)

1 o]
= _F(S)f ts-1 e—atFp(Z,o,r) A wv;ze t)de,  (4.1)
0

(Re(p) = 0,Re(q) = 0,Re(p) > 0,Re(0)
> 0,Re(t) >0;p=0,

Re(a) > 0; Re(s) > O when|z| <1 (z # 1); Re(s)
> 1whenz = 1),

Proof. Using the Eulerian integral [14,p. 218(3)]:

(n -:a)s - F(ls) J- et enmtdr,
0

(min{Re(s),Re(a)} > 0;n € Ny), (4.2)
in definition (2.1) and interchanging the order of

summation and integration which may be valid under
the conditions stated in Theorem 4.1. we get

1 [oe]
(p,o,7) _ s—-1 ,—at
(I) 19 ; ’ - t
P CA T ) F(s)J; e
Z (/»1) g)pqar)(ﬂ'*‘n"/ ﬂ) (ze_[) dt 4 3
n=0 n B(wv—p) n! ( . )

which on using definition (1.9) gives the desired
result,
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Theorem 4.2. For the extended Hurwitz-Lerch Zeta
function (Df{jf%z, s,a;p,q), the following integral
representation holds true:

1 ® ykt
(poT)
® pq) =
ey (2,5,4D,q) B(,u,v—u)J; a0y

x EZ, (—p (“Tu)> B (1) 0 (o s.a)du, (44)

(Re(p) = 0,Re(q) = 0,Re(p) > 0,Re(c) > 0,
Re(1) > 0;p = 0,Re(v) > Re(u) > 0)
and

1
(p,o,7) . _
q)ﬂ..ll;v (Z'S' a,p, q) - F(S)B(,U.,‘V —‘U.)

Xfooj-oots—le—atup.—l ET (1+u)
o Jo aQ+uwy P° P\

—t\ —A
—q zue™*t
T _
B ( 1+u)<1 1+u> dtdu,  (4.5)

(Re(p) = 0,Re(q) = 0,Re(p) > 0,Re(c) > 0,
Re(t) >0;p =0,

Re(v) > Re(u) > 0,min{Re(s),Re(a)} > 0)

Proof. Putting x=pu+n and y=v—pu in the

following integral representation of the extended Beta
function [5,p. 43(1.13)]:

( ) [e9] ux—l
B p,0,T , — f
a5 Y) C Ar
1+u —q
T _ T
X EX ( p ( - )) Epo (77) dw (4.6)

we obtain

[} up.+n—1

(p,o,7) _
Bp,q w+nv—up _fo (1 +w)v+
1+u —q
T _ T
X El, ( p(— )) B () du  (47)

which on using it in definition (2.1) yields
1 (Dn
Bwv—u) & n!

Xf“’ yhtn-t g (1+u> g (—CI)
o A+wyrm e\ TPy PT\1+u

n

(p,o,1)
W07 (0,5,057) =

Z

X mdu, (48)

interchanging the order of summation and integration
in equation (4.8), which is verified under the given
conditions here, we get:

-1

1 ©yk
(po,T) . _
Oz s,ap,q) = B(u,v—u)J; a Ty

s (0 (1)) 7o (75

N Dn @)
X; ol (n+—a)sdu, (49)

using definition (1.11) in the R.H.S. of equation (4.9),
we get the desired result (4.4).

Also, using definition (1.18) in the R.H.S. of equation
(4.4), we get the desired result (4.5) and thus the proof
of Theorem 4.2 is completed.

Theorem 4.3. For the extended Hurwitz-Lerch Zeta
function dbl({’lff)(z, s,a; p,q), the following integral
representation holds true:

P77 (2,5,a;p,q)

1 (> .
=_F()t)_f t’1‘1e‘tGJ/L(If;f'T)(zt,s,a;p,q)dt, (4.10)
0

(Re(p) = 0,Re(q) = 0,Re(p) > 0,Re(d) >0,
Re(t) > 0;p = 0,Re(1) > 0,
Re(a) > 0; Re(s) > 0 when|z| <1 (z # 1);
Re(s) > 1 whenz = 1).

Proof. Applying the following integral representation
of the Pochhammer symbol (1) ,:

— 1 ” A+n-1 ,—
(7\)1’1 = mj; t 1e tdt, (411)

in definition (2.1) and inverting the order of
summation and integration which may be permissible
under the conditions stated Theorem 4.3. we get:

O (2,5,a; p, q)

[ee)

o) (p,o,0)
_ 1 f tl_le_tZBp'q (u+nv—p
ra J, o] B(w,v—p)

i @)"
n! (n + a)s

dt, (4.12)

which on using equation (2.5) gives the desired result.

Remark 4.1.

(1) If we set t=1in (2.6), (2.13) -(2.16),
(3.1),(3.5),(3.8),(4.1),(4.4),(4.5),(4.10), we obtain a
new results for extended Hurwitz-Lerch Zeta function

O (z,5,2; p, q) given in (2.2).
(2) If we set p=o=1t=1, p=qin the above
mentioned results,we obtain a known corresponding
results due to Parmar and Raina [11] for the extended
Hurwitz-Lerch Zeta function @, .., (z, s, a; p)given in
(1.14).
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5. Conclusion

In this paper, new extension of Hurwitz-Lerch Zeta
function q’%ﬁ?\}ﬂ (z,s,a;p,q) is and new results can be
obtained as special cases of the main results obtained
in the previous introduced with the help of the
extended Beta function Bé‘ff’ﬂ(x,y) given in [5].
Various properties of that extended function are
investigated such as recurrence relation, generating
relations and integral representations, it is interesting
to mention here that many know sections.
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