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Abstract 
The purpose of present paper is to introduce a new extension of Hurwitz-Lerch Zeta function by using the 
extended Beta function. Some recurrence relations, generating relations and integral representations are 
derived for that new extension. 
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1. Introduction 

Recently, several extensions of Beta function have 
been investigated (see [1], [5], [6], [8], [12]). In 1997, 
Chaudhry et al, [6] presented the following extension 
of Beta function: 

 

𝐵𝐵𝑝𝑝(𝑥𝑥, 𝑦𝑦) = ∫ 𝑡𝑡𝑥𝑥−11
0 (1 − 𝑡𝑡)𝑦𝑦−1𝑒𝑒�−

𝑝𝑝
𝑡𝑡(1−𝑡𝑡)� 𝑑𝑑𝑡𝑡,         (1.1)  

 
(Re(p) > 0,𝑅𝑅𝑒𝑒(x) > 0,𝑅𝑅𝑒𝑒(y) > 0). 
 
The special case p = 0 of (1.1) reduce immediately to 
classical Beta function [14].  
 
Chaudhry et al. [7] used the extended Beta function 
given in (1.1) to define the extended Gauss 
hypergeometric function as follows: 

 

𝐹𝐹𝑝𝑝(𝑎𝑎, 𝑏𝑏; 𝑐𝑐; 𝑧𝑧) = �(𝑎𝑎)𝑛𝑛

∞

𝑛𝑛=0

𝐵𝐵𝑝𝑝(𝑏𝑏 + 𝑛𝑛, 𝑐𝑐 − 𝑏𝑏)
𝐵𝐵(𝑏𝑏, 𝑐𝑐 − 𝑏𝑏)

𝑧𝑧𝑛𝑛

𝑛𝑛!
.     (1.2) 

 
Al-Gonah and Mohommed in [1], introduced the 
extended Beta function by 

 
𝐵𝐵𝑝𝑝

(𝜌𝜌,𝜎𝜎,𝜏𝜏)(𝑥𝑥, 𝑦𝑦) = 
               ∫ 𝑡𝑡𝑥𝑥−11

0 (1 − 𝑡𝑡)𝑦𝑦−1 𝐸𝐸𝜌𝜌,𝜎𝜎
𝜏𝜏 � −𝑝𝑝

 𝑡𝑡(1−𝑡𝑡)
� 𝑑𝑑𝑡𝑡,      (1.3) 

 
(Re(p) ≥ 0, Re(ρ) > 0,𝑅𝑅𝑒𝑒(σ) > 0,𝑅𝑅𝑒𝑒(τ)

> 0,𝑅𝑅𝑒𝑒(x) > 0,𝑅𝑅𝑒𝑒(y) > 0), 
 

Also Al-Gonahet al. in [2], introduced extension of the 
Hurwitz-Lerch Zeta function by using the extension of 
Beta function defined by (1.3), given by  
 
Ф𝜆𝜆,𝜇𝜇;𝜈𝜈

(𝜌𝜌,𝜎𝜎,𝜏𝜏)(𝑧𝑧, 𝑠𝑠, 𝑎𝑎; 𝑝𝑝) 
 

 = �
(𝜆𝜆)𝑛𝑛
𝑛𝑛!

∞

𝑛𝑛=0

𝐵𝐵𝑝𝑝
(𝜌𝜌,𝜎𝜎,𝜏𝜏)(𝜇𝜇 + 𝑛𝑛, 𝜈𝜈 − 𝜇𝜇)

𝐵𝐵(𝜇𝜇, 𝜈𝜈 − 𝜇𝜇)
𝑧𝑧𝑛𝑛

(𝑛𝑛 + 𝑎𝑎)𝑠𝑠 ,   (1.4) 

 
(Re(p) ≥ 0, Re(ρ) > 0,𝑅𝑅𝑒𝑒(σ) > 0,𝑅𝑅𝑒𝑒(τ) > 0; 𝜆𝜆, 𝜇𝜇

∈ ℂ; ν, a ∈ ℂ\ℤ0−; 
 

s ∈ ℂ when |z| < 1;𝑅𝑅𝑒𝑒(s + ν − λ − µ)
> 1 𝑤𝑤ℎ𝑒𝑒𝑛𝑛 |z| = 1). 

 
The following extensions of Beta function are 
introduced by Atash et al, [3] and Barahmah [5] 
respectively: 

 

𝐵𝐵𝑝𝑝,𝑞𝑞
(𝜌𝜌,𝜎𝜎)(𝑥𝑥, 𝑦𝑦) = � 𝑡𝑡𝑥𝑥−1

1

0
(1 − 𝑡𝑡)𝑦𝑦−1𝐸𝐸𝜌𝜌,𝜎𝜎 �−

𝑝𝑝
𝑡𝑡
� 

                                  𝐸𝐸𝜌𝜌,𝜎𝜎 �−
𝑞𝑞

(1 − 𝑡𝑡)
�𝑑𝑑𝑡𝑡,                (1.5) 

 
(Re(p) ≥ 0, Re(q) ≥ 0, Re(ρ) > 0,𝑅𝑅𝑒𝑒(σ)

> 0,𝑅𝑅𝑒𝑒(x) > 0,𝑅𝑅𝑒𝑒(y) > 0) 
 
And 
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𝐵𝐵𝑝𝑝,𝑞𝑞
(𝜌𝜌,𝜎𝜎,𝜏𝜏)(𝑥𝑥, 𝑦𝑦) = � 𝑡𝑡𝑥𝑥−1

1

0
(1 − 𝑡𝑡)𝑦𝑦−1𝐸𝐸𝜌𝜌,𝜎𝜎

𝜏𝜏 �−
𝑝𝑝
𝑡𝑡
� 

                                  𝐸𝐸𝜌𝜌,𝜎𝜎
𝜏𝜏 �−

𝑞𝑞
(1 − 𝑡𝑡)

�𝑑𝑑𝑡𝑡,                 (1.6) 

 
(Re(p) ≥ 0, Re(q) ≥ 0, Re(ρ) > 0,𝑅𝑅𝑒𝑒(σ)

> 0,𝑅𝑅𝑒𝑒(τ) > 0,𝑅𝑅𝑒𝑒(x) > 0,𝑅𝑅𝑒𝑒(y)
> 0), 

 
where Eρ,σ(z) and Eρ,σ

τ (z)denotes the generalized 
Mittag-Leffler functions defined by [15] and [10] as 
follows: 

𝐸𝐸𝜌𝜌,𝜎𝜎(𝑧𝑧) = �
𝑧𝑧𝑛𝑛

Г(𝜌𝜌𝑛𝑛 + 𝜎𝜎)

∞

𝑛𝑛=0

 ,                                      (1.7) 

 
(𝑧𝑧,𝜌𝜌,𝜎𝜎, 𝜏𝜏 ∈ ℂ;𝑅𝑅𝑒𝑒(𝜌𝜌) > 0,𝑅𝑅𝑒𝑒(𝜎𝜎) > 0) 
 
And 

 

𝐸𝐸𝜌𝜌,𝜎𝜎
𝜏𝜏 (𝑧𝑧) = �

(𝜏𝜏)𝑛𝑛
Г(𝜌𝜌𝑛𝑛 + 𝜎𝜎)

∞

𝑛𝑛=0

𝑧𝑧𝑛𝑛

𝑛𝑛!
,                                  (1.8) 

 
 

(z, ρ,σ, τ ∈ ℂ; Re(ρ) > 0,𝑅𝑅𝑒𝑒(σ) > 0,𝑅𝑅𝑒𝑒(τ) > 0). 
 

The extended Beta function given in equations (1.5) 
and (1.6) are used in [4] to define the following 
extended Gauss hypergeometric function: 
 
𝐹𝐹𝑝𝑝,𝑞𝑞

(𝜌𝜌,𝜎𝜎)(𝑎𝑎, 𝑏𝑏; 𝑐𝑐; 𝑧𝑧)

=  �(𝑎𝑎)𝑛𝑛

∞

𝑛𝑛=0

𝐵𝐵𝑝𝑝,𝑞𝑞
(𝜌𝜌,𝜎𝜎)(𝑏𝑏 + 𝑛𝑛, 𝑐𝑐 − 𝑏𝑏)
𝐵𝐵(𝑏𝑏, 𝑐𝑐 − 𝑏𝑏)

𝑧𝑧𝑛𝑛

𝑛𝑛!
 ,                      (1.9) 

 
(𝑅𝑅𝑒𝑒(𝑝𝑝) ≥ 0,𝑅𝑅𝑒𝑒(𝑝𝑝) ≥ 0, |𝑧𝑧| < 1;𝑅𝑅𝑒𝑒(𝑐𝑐) > 𝑅𝑅𝑒𝑒(𝑏𝑏)

> 0,𝑅𝑅𝑒𝑒(𝜌𝜌) > 0,𝑅𝑅𝑒𝑒(𝜎𝜎) > 0)  
 
and  
𝐹𝐹𝑝𝑝,𝑞𝑞

(𝜌𝜌,𝜎𝜎,𝜏𝜏)(𝑎𝑎, 𝑏𝑏; 𝑐𝑐; 𝑧𝑧)

= �(𝑎𝑎)𝑛𝑛

∞

𝑛𝑛=0

𝐵𝐵𝑝𝑝,𝑞𝑞
(𝜌𝜌,𝜎𝜎,𝜏𝜏)(𝑏𝑏 + 𝑛𝑛, 𝑐𝑐 − 𝑏𝑏)

𝐵𝐵(𝑏𝑏, 𝑐𝑐 − 𝑏𝑏)
𝑧𝑧𝑛𝑛

𝑛𝑛!
,                   (1.10) 

 
(Re(p) ≥ 0, Re(p) ≥ 0, |z| < 1;𝑅𝑅𝑒𝑒(c) > 𝑅𝑅𝑒𝑒(b) > 0 
 

Re(ρ) > 0,𝑅𝑅𝑒𝑒(σ) > 0,𝑅𝑅𝑒𝑒(τ) > 0) . 
 
Clearly, 

  𝐹𝐹𝑝𝑝,𝑞𝑞
(𝛼𝛼,𝛽𝛽,1) = 𝐹𝐹𝑝𝑝,𝑞𝑞

(𝛼𝛼,𝛽𝛽),  𝐹𝐹𝑝𝑝,𝑝𝑝
(1,1,1) = 𝐹𝐹𝑝𝑝 ,𝐹𝐹0,0

(1,1,1) = 𝐹𝐹2 1. 
 
The Hurwitz-Lerch Zeta functionФ(z, s, a) is defined 
by (see, e,g,, [13, p. 121]) 
 

Ф(𝑧𝑧, 𝑠𝑠,𝑎𝑎) = �
𝑧𝑧𝑛𝑛

(𝑎𝑎 + 𝑛𝑛)𝑠𝑠

∞

𝑛𝑛=0

,                                    (1.11) 

 
(a ∈ ℂ\ℤ0−, s ∈ C when |z| < 1;  𝑅𝑅𝑒𝑒(s) >
1 𝑤𝑤ℎ𝑒𝑒𝑛𝑛 |z| = 1). 

 
The following generalizations  of the Hurwitz-Lerch 
Zeta function Ф(z, s, a)is defined in [9, p. 313] as: 

 

Ф𝜆𝜆,𝜇𝜇;𝜈𝜈(𝑧𝑧, 𝑠𝑠, 𝑎𝑎) = �
(𝜆𝜆)𝑛𝑛(𝜇𝜇)𝑛𝑛
𝑛𝑛!    (𝜈𝜈)𝑛𝑛

∞

𝑛𝑛=0

𝑧𝑧𝑛𝑛

(𝑛𝑛 + 𝑎𝑎)𝑠𝑠 ,           (1.12) 

 
(λ, µ, ν ∈ ℂ; a ∈ ℂ\ℤ0−; s ∈ ℂ when |z| < 1;𝑅𝑅𝑒𝑒(s +
ν − λ − µ) > 1 𝑤𝑤ℎ𝑒𝑒𝑛𝑛 |z| = 1). 
 
The integral representation of (1.12) is given by: 
 
Ф𝜆𝜆,𝜇𝜇;𝜈𝜈(𝑧𝑧, 𝑠𝑠, 𝑎𝑎) =
1

Г(𝑠𝑠) ∫ 𝑡𝑡𝑠𝑠−1∞
0 𝑒𝑒−𝑎𝑎𝑡𝑡 𝐹𝐹2 1(𝜆𝜆, 𝜇𝜇; 𝜈𝜈; 𝑧𝑧𝑒𝑒−𝑡𝑡) 𝑑𝑑𝑡𝑡.               (1.13) 

 
Parmar and Raina [11] used the extended Beta 
function B(x, y; p) to introduce the following 
extension of generalized Hurwitz-Lerch Zeta function: 

 
Ф𝜆𝜆,𝜇𝜇;𝜈𝜈(𝑧𝑧, 𝑠𝑠, 𝑎𝑎; 𝑝𝑝)

= �
(𝜆𝜆)𝑛𝑛
𝑛𝑛!

∞

𝑛𝑛=0

𝐵𝐵(𝜇𝜇 + 𝑛𝑛, 𝜈𝜈 − 𝜇𝜇; 𝑝𝑝)
𝐵𝐵(𝜇𝜇, 𝜈𝜈 − 𝜇𝜇)

𝑧𝑧𝑛𝑛

(𝑛𝑛 + 𝑎𝑎)𝑠𝑠 ,            (1.14) 

 
(p ≥ 0; λ, µ ∈ ℂ; ν, a ∈ ℂ\ℤ0−; s ∈ ℂ when |z| < 1;  
Re(s + ν − λ − µ) > 1 𝑤𝑤ℎ𝑒𝑒𝑛𝑛 |z| = 1), 
 
with the integral representation [11, p. 120(3,1)]: 
 
Фλ,µ;ν(z, s, a; p)                        
           =  1

Г(s) ∫ ts−1∞
0 e−atFp(λ, µ; ν; ze−t) dt,   (1.15) 

 
(Re(p) ≥ 0; p = 0, Re(a) > 0;𝑅𝑅𝑒𝑒(s) > 0 𝑤𝑤ℎ𝑒𝑒𝑛𝑛 |z|

≤ 1 
(z ≠ 1); Re(s) > 1when z = 1) 

 
Motivated by various recent interesting extensions of 
the Hurwitz-Lerch Zeta function, we introduce a new 
form of extended Hurwitz-Lerch Zeta function by  
using the extension of Beta function Bp,q

(ρ,σ,τ)(x, y)and 
we investigate its properties. 

2. A new extended Hurwitz-Lerch Zeta 
function 

We consider the following generalization of extended 
Hurwitz-Lerch Zeta function 

Ф𝜆𝜆,𝜇𝜇;𝜈𝜈
(𝜌𝜌,𝜎𝜎,𝜏𝜏)(𝑧𝑧, 𝑠𝑠, 𝑎𝑎; 𝑝𝑝, 𝑞𝑞)  

= �
(𝜆𝜆)𝑛𝑛
𝑛𝑛!

∞

𝑛𝑛=0

𝐵𝐵𝑝𝑝,𝑞𝑞
(𝜌𝜌,𝜎𝜎,𝜏𝜏)(𝜇𝜇 + 𝑛𝑛, 𝜈𝜈 − 𝜇𝜇)

𝐵𝐵(𝜇𝜇, 𝜈𝜈 − 𝜇𝜇)
𝑧𝑧𝑛𝑛

(𝑛𝑛 + 𝑎𝑎)𝑠𝑠 ,         (2.1) 

�Re(p) ≥ 0, Re(q) ≥ 0, Re(ρ) > 0,𝑅𝑅𝑒𝑒(σ) > 0,
𝑅𝑅𝑒𝑒(τ) > 0; 𝜆𝜆, 𝜇𝜇 ∈ ℂ; ν, a ∈ ℂ\ℤ0−;  

s ∈ ℂ when |z| < 1;𝑅𝑅𝑒𝑒(s + ν − λ − µ) > 1 
𝑤𝑤ℎ𝑒𝑒𝑛𝑛 |z| = 1 �. 
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Remark 2.1. 
 
(i) For τ = 1,1Tequation (2.1)1T reduces to the 
following new extended Hurwitz-Lerch Zeta 
functionФλ,µ;ν

(ρ,σ)(z, s, a; p, q) 
 
Ф𝜆𝜆,𝜇𝜇;𝜈𝜈

(𝜌𝜌,𝜎𝜎,1)(𝑧𝑧, 𝑠𝑠, 𝑎𝑎; 𝑝𝑝, 𝑞𝑞) = Ф𝜆𝜆,𝜇𝜇;𝜈𝜈
(𝜌𝜌,𝜎𝜎)(𝑧𝑧, 𝑠𝑠, 𝑎𝑎; 𝑝𝑝, 𝑞𝑞) 

 

= �
(𝜆𝜆)𝑛𝑛
𝑛𝑛!

∞

𝑛𝑛=0

𝐵𝐵𝑝𝑝,𝑞𝑞
(𝜌𝜌,𝜎𝜎)(𝜇𝜇 + 𝑛𝑛, 𝜈𝜈 − 𝜇𝜇)
𝐵𝐵(𝜇𝜇, 𝜈𝜈 − 𝜇𝜇)

𝑧𝑧𝑛𝑛

(𝑛𝑛 + 𝑎𝑎)𝑠𝑠 ,               (2.2) 

 

�
Re(p) ≥ 0, Re(q) ≥ 0, Re(ρ) > 0,𝑅𝑅𝑒𝑒(σ) > 0;

𝜆𝜆, 𝜇𝜇 ∈ ℂ; ν, a ∈ ℂ\ℤ0−;
s ∈ ℂ when |z| < 1;𝑅𝑅𝑒𝑒(s + ν − λ − µ) > 1 𝑤𝑤ℎ𝑒𝑒𝑛𝑛 |z| = 1

�. 

 
(ii) For τ = σ = ρ = 1 and  p = q, 1Tequation (2.1)1T 
reduces to theextended Hurwitz-Lerch Zeta function 
given in (1.14) 
 
  Фλ,µ;ν

(1,1,1)(z, s, a; p, p) = Фλ,µ;ν(z, s, a; p) 
 

        

= �
(λ)n

n!

∞

n=0

Bp(µ + n, ν − µ)
B(µ, ν − µ)

zn

(n + a)s .                   (2.3) 

 
(iii) For τ = σ = ρ = 1 and  p = q = 0,    
equation (2.1) reduces to the extended Hurwitz-Lerch 
Zeta function given in (1.12) 
 
Ф𝜆𝜆,𝜇𝜇;𝜈𝜈

(1,1,1)(𝑧𝑧, 𝑠𝑠, 𝑎𝑎) = Ф𝜆𝜆,𝜇𝜇;𝜈𝜈(𝑧𝑧, 𝑠𝑠, 𝑎𝑎)  

=  �
(𝜆𝜆)𝑛𝑛(𝜇𝜇)𝑛𝑛
𝑛𝑛!    (𝜈𝜈)𝑛𝑛

∞

𝑛𝑛=0

𝑧𝑧𝑛𝑛

(𝑛𝑛 + 𝑎𝑎)𝑠𝑠  .     (2.4) 

 
Remark 2.2. The extended Hurwitz-Lerch function 
Фλ,µ;ν

(ρ,σ,τ)(z, s, a; p, q) defined by equation (2.1) is seen 
to satisfy the following limit case: 

 
Фµ;v
∗(ρ,σ,τ)(z, s, a; p, q) = lim

|λ|→∞
�Фλ,µ;v

(ρ,σ,τ) �
z
λ

, s, a; p, q�� , 

 

= �
Bp,q

(ρ,σ,τ)(µ + n, ν − µ)
B(µ, ν − µ)

zn

n! (n + a)s

∞

n=0

,               (2.5) 

 

�

Re(p) ≥ 0, Re(p) ≥ 0, Re(ρ) > 0,𝑅𝑅𝑒𝑒(σ) > 0,𝑅𝑅𝑒𝑒(τ) > 0;
𝜇𝜇 ∈ ℂ; ν, a ∈ ℂ\ℤ0−;

s ∈ ℂ when |z| < 1;𝑅𝑅𝑒𝑒(s + ν − µ) > 1 
𝑤𝑤ℎ𝑒𝑒𝑛𝑛 |z| = 1

�. 

 
Some properties of the extended Hurwitz-Lerch Zeta 
function Фλ,µ;ν

(ρ,σ,τ)(z, s, a; p, q) are established in the 
form of the following theorems 
Theorem 2.1. For the extended Hurwitz-Lerch Zeta 
function Фλ,µ;ν

(ρ,σ,τ)(z, s, a; p, q), we have the following 
recurrence relation: 

 

𝜈𝜈 Ф𝜆𝜆,𝜇𝜇;𝜈𝜈
(𝜌𝜌,𝜎𝜎,𝜏𝜏)(𝑧𝑧, 𝑠𝑠, 𝑎𝑎; 𝑝𝑝, 𝑞𝑞) = 𝜇𝜇 Ф𝜆𝜆,𝜇𝜇+1;𝜈𝜈+1

(𝜌𝜌,𝜎𝜎,𝜏𝜏) (𝑧𝑧, 𝑠𝑠, 𝑎𝑎; 𝑝𝑝, 𝑞𝑞) 
 

               +(𝜈𝜈 − 𝜇𝜇) Ф𝜆𝜆,𝜇𝜇;𝜈𝜈+1
(𝜌𝜌,𝜎𝜎,𝜏𝜏) (𝑧𝑧, 𝑠𝑠, 𝑎𝑎; 𝑝𝑝, 𝑞𝑞),             (2.6) 

 
(Re(p) ≥ 0, Re(q) ≥ 0, Re(ν) > 𝑅𝑅𝑒𝑒(µ) > 0 ). 

 
Proof. To prove (2.6) using the following known 
relation [5]: 

 
Bp,q

(ρ,σ,τ)(x, y) = Bp,q
(ρ,σ,τ)(x + 1, y) + Bp,q

(ρ,σ,τ)(x, y + 1), (2.7) 
 
in definition (2.1), we get: 

 

Ф𝜆𝜆,𝜇𝜇;𝜈𝜈
(𝜌𝜌,𝜎𝜎,𝜏𝜏)(𝑧𝑧, 𝑠𝑠, 𝑎𝑎; 𝑝𝑝, 𝑞𝑞) = �

(𝜆𝜆)𝑛𝑛
𝑛𝑛!

∞

𝑛𝑛=0

 

 

× �
𝐵𝐵𝑝𝑝,𝑞𝑞

(𝜌𝜌,𝜎𝜎,𝜏𝜏)(𝜇𝜇 + 𝑛𝑛 + 1, 𝜈𝜈 − 𝜇𝜇) + 𝐵𝐵𝑝𝑝,𝑞𝑞
(𝜌𝜌,𝜎𝜎,𝜏𝜏)(𝜇𝜇 + 𝑛𝑛, 𝜈𝜈 − 𝜇𝜇 + 1)

𝐵𝐵(𝜇𝜇, 𝜈𝜈 − 𝜇𝜇) � 

×
𝑧𝑧𝑛𝑛

(𝑛𝑛 + 𝑎𝑎)𝑠𝑠 

=
𝐵𝐵(𝜇𝜇 + 1, 𝜈𝜈 − 𝜇𝜇)
𝐵𝐵(𝜇𝜇, 𝜈𝜈 − 𝜇𝜇) �

(𝜆𝜆)𝑛𝑛
𝑛𝑛!

𝐵𝐵𝑝𝑝,𝑞𝑞
(𝜌𝜌,𝜎𝜎,𝜏𝜏)(𝜇𝜇 + 𝑛𝑛 + 1, 𝜈𝜈 − 𝜇𝜇)

𝐵𝐵(𝜇𝜇 + 1, 𝜈𝜈 − 𝜇𝜇)

∞

𝑛𝑛=0

𝑧𝑧𝑛𝑛

(𝑛𝑛 + 𝑎𝑎)𝑠𝑠 

 

+
𝐵𝐵(𝜇𝜇, 𝜈𝜈 − 𝜇𝜇 + 1)
𝐵𝐵(𝜇𝜇, 𝜈𝜈 − 𝜇𝜇)  

× �
(𝜆𝜆)𝑛𝑛
𝑛𝑛!

𝐵𝐵𝑝𝑝,𝑞𝑞
(𝜌𝜌,𝜎𝜎,𝜏𝜏)(𝜇𝜇 + 𝑛𝑛, 𝜈𝜈 − 𝜇𝜇 + 1)

𝐵𝐵(𝜇𝜇, 𝜈𝜈 − 𝜇𝜇 + 1)

∞

𝑛𝑛=0

𝑧𝑧𝑛𝑛

(𝑛𝑛 + 𝑎𝑎)𝑠𝑠 , (2.8) 

 
which on using the relation [14]: 

 

𝐵𝐵(𝑥𝑥, 𝑦𝑦) =
Г(𝑥𝑥)Г(𝑦𝑦)
Г(𝑥𝑥 + 𝑦𝑦)

,     (𝑥𝑥, 𝑦𝑦 ∈ ℂ\ℤ0−)                  (2.9) 

 
and then using definition (2.1) gives the desired result. 
 
Remark 2.3. Using the following relations [5,p. 44]: 

 

𝐵𝐵𝑝𝑝,𝑞𝑞
(𝜌𝜌,𝜎𝜎,𝜏𝜏)(𝑥𝑥, 𝑦𝑦) = �𝐵𝐵𝑝𝑝,𝑞𝑞

(𝜌𝜌,𝜎𝜎,𝜏𝜏)
∞

𝑛𝑛=0

(𝑥𝑥 + 𝑛𝑛,𝑦𝑦 + 1),       (2.10) 

 

𝐵𝐵𝑝𝑝,𝑞𝑞
(𝜌𝜌,𝜎𝜎,𝜏𝜏)(𝑥𝑥, 1 − 𝑦𝑦) = �

(𝑦𝑦)𝑛𝑛
𝑛𝑛!

∞

𝑛𝑛=0

𝐵𝐵𝑃𝑃,𝑞𝑞
(𝜌𝜌,𝜎𝜎,𝜏𝜏) 

                                                (𝑥𝑥 + 𝑛𝑛, 1),                  (2.11) 

𝐵𝐵𝑝𝑝,𝑞𝑞
(𝜌𝜌,𝜎𝜎,𝜏𝜏)(𝑥𝑥,𝑦𝑦) = ��

𝑘𝑘
𝑛𝑛�𝐵𝐵𝑝𝑝,𝑞𝑞

(𝜌𝜌,𝜎𝜎,𝜏𝜏)
𝑘𝑘

𝑛𝑛=0

(𝑥𝑥 + 𝑛𝑛,𝑦𝑦 + 𝑘𝑘 − 𝑛𝑛),  

                                              (𝑘𝑘 ∈ ℕ),                     (2.12) 
 
Theorem 2.2. For the extended Hurwitz-Lerch Zeta 
function Фλ,µ;ν

(ρ,σ,τ)(z, s, a; p, q), we have the following 
summation relations: 

Фλ,µ;ν
(ρ,σ,τ)(z, s, a; p, q) 

= (ν − µ)�
(µ)k

(ν)k+1
Фλ,µ+k;ν+k+1

(ρ,σ,τ) (z, s, a; p, q),
∞

k=0

(2.13) 
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Ф𝜆𝜆,𝜇𝜇;𝜈𝜈
(𝜌𝜌,𝜎𝜎,𝜏𝜏)(𝑧𝑧, 𝑠𝑠, 𝑎𝑎; 𝑝𝑝, 𝑞𝑞) 

 

= �
(𝜇𝜇 − 𝜈𝜈 + 1)𝑘𝑘𝐵𝐵(𝜇𝜇 + 𝑘𝑘, 1)

𝑘𝑘!𝐵𝐵(𝜇𝜇, 𝜈𝜈 − 𝜇𝜇) Ф𝜆𝜆,𝜇𝜇+𝑘𝑘;𝜇𝜇+𝑘𝑘+1
(𝜌𝜌,𝜎𝜎,𝜏𝜏) (𝑧𝑧, 𝑠𝑠,𝑎𝑎;𝑝𝑝, 𝑞𝑞),

∞

𝑘𝑘=0

 

  (2.14) 
 

Ф𝜆𝜆,𝜇𝜇;𝜈𝜈
(𝜌𝜌,𝜎𝜎,𝜏𝜏)(𝑧𝑧, 𝑠𝑠, 𝑎𝑎; 𝑝𝑝, 𝑞𝑞) 

=� �𝑟𝑟𝑘𝑘�
𝐵𝐵(𝜇𝜇+𝑘𝑘,𝜈𝜈−𝜇𝜇−𝑘𝑘+𝑟𝑟)

𝐵𝐵(𝜇𝜇,𝜈𝜈−𝜇𝜇)

𝑟𝑟

𝑘𝑘=0
Ф𝜆𝜆,𝜇𝜇+𝑘𝑘;𝜈𝜈+𝑟𝑟

(𝜌𝜌,𝜎𝜎,𝜏𝜏) (𝑧𝑧, 𝑠𝑠, 𝑎𝑎;𝑝𝑝, 𝑞𝑞)  (2.15) 

 
and proceeding on the same lines of proof of Theorem 
2.1. we get some summation relations in the form of 
the following theorem: 
 
Theorem 2.3. For the extended Hurwitz-Lerch Zeta 
function Ф𝜆𝜆,𝜇𝜇;𝜈𝜈

(𝜌𝜌,𝜎𝜎,𝜏𝜏)(𝑧𝑧, 𝑠𝑠, 𝑎𝑎; 𝑝𝑝, 𝑞𝑞), we have the following 
derivative formula:  
 
𝑑𝑑𝑘𝑘

𝑑𝑑𝑧𝑧𝑘𝑘 �Ф𝜆𝜆,𝜇𝜇;𝜈𝜈
(𝜌𝜌,𝜎𝜎,𝜏𝜏)(𝑧𝑧, 𝑠𝑠,𝑎𝑎;𝑝𝑝, 𝑞𝑞)� 

              =
(𝜆𝜆)𝑘𝑘(𝜇𝜇)𝑘𝑘

(𝜈𝜈)𝑘𝑘
Ф𝜆𝜆+𝑘𝑘,𝜇𝜇+𝑘𝑘;𝜈𝜈+𝑘𝑘

(𝜌𝜌,𝜎𝜎,𝜏𝜏) (𝑧𝑧, 𝑠𝑠, 𝑎𝑎 + 𝑘𝑘; 𝑝𝑝, 𝑞𝑞),

(𝑘𝑘 ∈ ℕ0).                                  (2.16) 
 
Proof. From definition (2.1) and using the following 
relation [15]: 

 
𝑑𝑑𝑘𝑘

𝑑𝑑𝑧𝑧𝑘𝑘
𝑧𝑧𝑛𝑛 =

𝑛𝑛!
(𝑛𝑛 − 𝑘𝑘)!

�Ф𝜆𝜆,𝜇𝜇;𝜈𝜈
(𝜌𝜌,𝜎𝜎,𝜏𝜏)(𝑧𝑧, 𝑠𝑠, 𝑎𝑎;𝑝𝑝, 𝑞𝑞)� 

              =
(𝜆𝜆)𝑘𝑘(𝜇𝜇)𝑘𝑘

(𝜈𝜈)𝑘𝑘
𝑧𝑧𝑛𝑛−𝑘𝑘, (𝑘𝑘 ∈ ℕ0),                    (2.17) 

 
we fined 
 

 
𝑑𝑑𝑘𝑘

𝑑𝑑𝑧𝑧𝑘𝑘
�Ф𝜆𝜆,𝜇𝜇;𝜈𝜈

(𝜌𝜌,𝜎𝜎,𝜏𝜏)(𝑧𝑧, 𝑠𝑠, 𝑎𝑎; 𝑝𝑝, 𝑞𝑞)� 
 

= ∑ (𝜆𝜆)𝑛𝑛
(𝑛𝑛−𝑘𝑘)!

∞
𝑛𝑛=𝑘𝑘

𝐵𝐵𝑝𝑝,𝑞𝑞
(𝜌𝜌,𝜎𝜎,𝜏𝜏)(𝜇𝜇+𝑛𝑛,𝜈𝜈−𝜇𝜇)

𝐵𝐵(𝜇𝜇,𝜈𝜈−𝜇𝜇)
𝑧𝑧𝑛𝑛−𝑘𝑘

(𝑛𝑛+𝑎𝑎)𝑠𝑠
,                    (2.18) 

 
replacing 𝑛𝑛 by 𝑛𝑛 + 𝑘𝑘, we obtain 

 
𝑑𝑑𝑘𝑘

𝑑𝑑𝑧𝑧𝑘𝑘
�Ф𝜆𝜆,𝜇𝜇;𝜈𝜈

(𝜌𝜌,𝜎𝜎,𝜏𝜏)(𝑧𝑧, 𝑠𝑠, 𝑎𝑎;𝑝𝑝, 𝑞𝑞)� 
 

= ∑ (𝜆𝜆)𝑛𝑛+𝑘𝑘
(𝑛𝑛)!

 ∞
𝑛𝑛=0

𝐵𝐵𝑝𝑝,𝑞𝑞
(𝜌𝜌,𝜎𝜎,𝜏𝜏)(𝜇𝜇+𝑛𝑛+𝑘𝑘,𝜈𝜈−𝜇𝜇)

𝐵𝐵(𝜇𝜇,𝜈𝜈−𝜇𝜇)
 𝑧𝑧𝑛𝑛

(𝑛𝑛+𝑘𝑘+𝑎𝑎)𝑠𝑠
 ,        (2.19) 

 
which on using the following relations [14]: 
 

𝐵𝐵(𝑏𝑏, 𝑐𝑐 − 𝑏𝑏) =
(𝑐𝑐)𝑘𝑘
(𝑏𝑏)𝑘𝑘

𝐵𝐵(𝑏𝑏 + 𝑘𝑘, 𝑐𝑐 − 𝑏𝑏),                  (2.20) 

(𝑎𝑎)𝑚𝑚+𝑛𝑛 = (𝑎𝑎)𝑚𝑚(𝑎𝑎 + 𝑚𝑚)𝑛𝑛 ,                                     (2.21) 
 
and then in view of definition (2.1), we get the desired 
result. 
 

3. Generating relations 

In this section, some generating functions for the 
extended Hurwitz-Lerch Zeta function 
Ф𝜆𝜆,𝜇𝜇;𝜈𝜈

(𝜌𝜌,𝜎𝜎,𝜏𝜏)(𝑧𝑧, 𝑠𝑠, 𝑎𝑎; 𝑝𝑝, 𝑞𝑞) is established in the form of the 
following theorem: 
 
Theorem 3.1. For the extended Hurwitz-Lerch Zeta 
function Ф𝜆𝜆,𝜇𝜇;𝜈𝜈

(𝜌𝜌,𝜎𝜎,𝜏𝜏)(𝑧𝑧, 𝑠𝑠, 𝑎𝑎; 𝑝𝑝, 𝑞𝑞), the following 
generating function holds true: 
 

�(𝜆𝜆)𝑛𝑛Ф𝜆𝜆,𝜇𝜇;𝜈𝜈
(𝜌𝜌,𝜎𝜎,𝜏𝜏)(𝑧𝑧, 𝑠𝑠, 𝑎𝑎; 𝑝𝑝, 𝑞𝑞)

𝑡𝑡𝑛𝑛

𝑛𝑛!

∞

𝑛𝑛=0

 

            = (1 − 𝑡𝑡)−𝜆𝜆Ф𝜆𝜆,𝜇𝜇;𝜈𝜈
(𝜌𝜌,𝜎𝜎,𝜏𝜏) � 𝑧𝑧

1−𝑡𝑡
, 𝑠𝑠, 𝑎𝑎; 𝑝𝑝, 𝑞𝑞�,        (3.1) 

 
(𝑅𝑅𝑒𝑒(𝑝𝑝) ≥ 0,𝑅𝑅𝑒𝑒(𝑞𝑞) ≥ 0, 𝜆𝜆 ∈ ℂ, |𝑡𝑡| < 1 ). 

 
Proof. Denoting the L.H.S. of equation (3.1) by ∆ then 
applying definition (2.1), we get: 
 

∆= �(𝜆𝜆)𝑛𝑛

∞

𝑛𝑛=0

× 

 

         �∑ (𝜆𝜆 + 𝑛𝑛)𝑘𝑘
𝐵𝐵𝑝𝑝,𝑞𝑞

(𝜌𝜌,𝜎𝜎,𝜏𝜏)𝐵𝐵(𝜇𝜇+𝑘𝑘,𝜈𝜈−𝜇𝜇)

𝐵𝐵(𝜇𝜇,𝜈𝜈−𝜇𝜇)
𝑧𝑧𝑘𝑘

𝑘𝑘!(𝑘𝑘+𝑎𝑎)𝑠𝑠
∞
𝑘𝑘=0 � 𝑡𝑡

𝑛𝑛

𝑛𝑛!
,      (3.2) 

 
 
which on using relation (2.21), we obtain 

 

∆= �(𝜆𝜆)𝑘𝑘
𝐵𝐵𝑝𝑝,𝑞𝑞

(𝜌𝜌,𝜎𝜎,𝜏𝜏)𝐵𝐵(𝜇𝜇 + 𝑘𝑘, 𝜈𝜈 − 𝜇𝜇)
𝐵𝐵(𝜇𝜇, 𝜈𝜈 − 𝜇𝜇)

𝑧𝑧𝑘𝑘

𝑘𝑘! (𝑘𝑘 + 𝑎𝑎)𝑠𝑠

∞

𝑘𝑘=0

     

                  × ��
(𝜆𝜆 + 𝑘𝑘)𝑛𝑛

𝑛𝑛!

∞

𝑛𝑛=0

𝑡𝑡𝑛𝑛�                                 (3.3) 

 
using the following binomial series expansion [14]: 

 

(1 − 𝑡𝑡)−𝛼𝛼 = �
(𝛼𝛼)𝑛𝑛
𝑛𝑛!

∞

𝑛𝑛=0

𝑡𝑡𝑛𝑛,          (|𝑡𝑡| > 1),   (3.4) 

 
for evaluating the inner sum in equation (3.3), we get 
the desired result, 
 
Theorem 3.2. For the extended Hurwitz-Lerch Zeta 
function Ф𝜆𝜆,𝜇𝜇;𝜈𝜈

(𝜌𝜌,𝜎𝜎,𝜏𝜏)(𝑧𝑧, 𝑠𝑠, 𝑎𝑎; 𝑝𝑝, 𝑞𝑞), the following 
generating function holds true: 
 

�(𝑠𝑠)𝑛𝑛Ф𝜆𝜆,𝜇𝜇;𝜈𝜈
(𝜌𝜌,𝜎𝜎,𝜏𝜏)(𝑧𝑧, 𝑠𝑠 + 𝑛𝑛, 𝑎𝑎; 𝑝𝑝, 𝑞𝑞)

𝑡𝑡𝑛𝑛

𝑛𝑛!

∞

𝑛𝑛=0

  

= Ф𝜆𝜆,𝜇𝜇;𝜈𝜈
(𝜌𝜌,𝜎𝜎,𝜏𝜏)(𝑧𝑧, 𝑠𝑠, 𝑎𝑎

− 𝑡𝑡; 𝑝𝑝, 𝑞𝑞),     (3.5) 
 

(𝑅𝑅𝑒𝑒(𝑝𝑝) ≥ 0,𝑅𝑅𝑒𝑒(𝑞𝑞) ≥ 0, 𝜆𝜆 ∈ ℂ, |𝑡𝑡| < 1|𝑎𝑎|; 𝑠𝑠 ≠ 1). 
 



EJUA Electronic Journal of University of Aden For Basic and Applied Sciences Salem Saleh Barahmah Pages 120 - 127 
Vol. 1, No. 3, September 2020   

https://ejua.net 
 

EJUA-BA | September 2020 124 
 

Proof. Using definition (2.1) in the R.H.S. of equation 
(3.5), we get 

 
Ф𝜆𝜆,𝜇𝜇;𝜈𝜈

(𝜌𝜌,𝜎𝜎,𝜏𝜏)(𝑧𝑧, 𝑠𝑠, 𝑎𝑎 − 𝑡𝑡; 𝑝𝑝, 𝑞𝑞)

= �
(𝜆𝜆)𝑘𝑘
𝑘𝑘!

∞

𝑘𝑘=0

𝐵𝐵𝑝𝑝,𝑞𝑞
(𝜌𝜌,𝜎𝜎,𝜏𝜏)(𝜇𝜇 + 𝑘𝑘, 𝜈𝜈 − 𝜇𝜇)

𝐵𝐵(𝜇𝜇, 𝜈𝜈 − 𝜇𝜇)
𝑧𝑧𝑘𝑘

(𝑘𝑘 + 𝑎𝑎 − 𝑡𝑡)𝑠𝑠
,

= �
(𝜆𝜆)𝑘𝑘
𝑘𝑘!

∞

𝑘𝑘=0

𝐵𝐵𝑝𝑝,𝑞𝑞
(𝜌𝜌,𝜎𝜎,𝜏𝜏)(𝜇𝜇 + 𝑘𝑘, 𝜈𝜈 − 𝜇𝜇)

𝐵𝐵(𝜇𝜇, 𝜈𝜈 − 𝜇𝜇)
𝑧𝑧𝑘𝑘

(𝑘𝑘 + 𝑎𝑎)𝑠𝑠 

                        × �1 − 𝑡𝑡
(𝑘𝑘+𝑎𝑎)

�
−𝑠𝑠

 ,                            (3.6) 
 

using relation (3.4), we obtain 
 

Ф𝜆𝜆,𝜇𝜇;𝜈𝜈
(𝜌𝜌,𝜎𝜎,𝜏𝜏)(𝑧𝑧, 𝑠𝑠, 𝑎𝑎 − 𝑡𝑡;𝑝𝑝, 𝑞𝑞) 

 

= �
(𝜆𝜆)𝑘𝑘
𝑘𝑘!

∞

𝑘𝑘=0

𝐵𝐵𝑝𝑝,𝑞𝑞
(𝜌𝜌,𝜎𝜎,𝜏𝜏)(𝜇𝜇 + 𝑘𝑘, 𝜈𝜈 − 𝜇𝜇)

𝐵𝐵(𝜇𝜇, 𝜈𝜈 − 𝜇𝜇)
𝑧𝑧𝑘𝑘

(𝑘𝑘 + 𝑎𝑎)𝑠𝑠 

× ��(𝑠𝑠)𝑛𝑛
𝑡𝑡𝑛𝑛

𝑛𝑛! (𝑘𝑘 + 𝑎𝑎)𝑛𝑛

∞

𝑛𝑛=0

�, 

 

= �
(𝑠𝑠)𝑛𝑛
𝑛𝑛!

∞

𝑛𝑛=0

��
(𝜆𝜆)𝑘𝑘
𝑘𝑘!

∞

𝑘𝑘=0

𝐵𝐵𝑝𝑝,𝑞𝑞
(𝜌𝜌,𝜎𝜎,𝜏𝜏)(𝜇𝜇 + 𝑘𝑘, 𝜈𝜈 − 𝜇𝜇)

𝐵𝐵(𝜇𝜇, 𝜈𝜈 − 𝜇𝜇)
𝑧𝑧𝑘𝑘

(𝑘𝑘 + 𝑎𝑎)𝑠𝑠+𝑛𝑛� 𝑡𝑡
𝑛𝑛 ,   

 (3.7) 
 

which on using definition (2.1) and after some 
simplification yields the desired result, 
 
Theorem 3.3. For the extended Hurwitz-Lerch Zeta 
function Ф𝜆𝜆,𝜇𝜇;𝜈𝜈

(𝜌𝜌,𝜎𝜎,𝜏𝜏)(𝑧𝑧, 𝑠𝑠, 𝑎𝑎; 𝑝𝑝, 𝑞𝑞), the following 
generating function holds true: 
 

�Ф−𝑛𝑛,𝜇𝜇;𝜈𝜈
(𝜌𝜌,𝜎𝜎,𝜏𝜏)(𝑧𝑧, 𝑠𝑠, 𝑎𝑎; 𝑝𝑝, 𝑞𝑞)

𝑡𝑡𝑛𝑛

𝑛𝑛!

∞

𝑛𝑛=0

   

= 𝑒𝑒𝑡𝑡Ф𝜇𝜇;𝜈𝜈
∗(𝜌𝜌,𝜎𝜎,𝜏𝜏)(−𝑧𝑧𝑡𝑡, 𝑠𝑠, 𝑎𝑎; 𝑝𝑝, 𝑞𝑞),                                   (3.8) 

 
(𝑅𝑅𝑒𝑒(𝑝𝑝) ≥ 0,𝑅𝑅𝑒𝑒(𝑞𝑞) ≥ 0,𝑅𝑅𝑒𝑒(𝜈𝜈) > 𝑅𝑅𝑒𝑒(𝜇𝜇) > 0;  
𝑅𝑅𝑒𝑒(𝜌𝜌),𝑅𝑅𝑒𝑒(𝜎𝜎),𝑅𝑅𝑒𝑒(𝜏𝜏) > 0), 

 
Proof. Using relation (2.5) in the R.H.S. of equation 
(3.8), we get: 
 
𝑒𝑒𝑡𝑡Ф𝜇𝜇;𝜈𝜈

∗(𝜌𝜌,𝜎𝜎,𝜏𝜏)(−𝑧𝑧𝑡𝑡, 𝑠𝑠, 𝑎𝑎; 𝑝𝑝, 𝑞𝑞) 
 

= ��
𝐵𝐵𝑝𝑝,𝑞𝑞

(𝜌𝜌,𝜎𝜎,𝜏𝜏)(𝜇𝜇 + 𝑘𝑘, 𝜈𝜈 − 𝜇𝜇)
𝐵𝐵(𝜇𝜇, 𝜈𝜈 − 𝜇𝜇)

(−1)𝑘𝑘𝑧𝑧𝑘𝑘

𝑘𝑘! (𝑘𝑘 + 𝑎𝑎)𝑠𝑠

∞

𝑘𝑘=0

∞

𝑛𝑛=0

𝑡𝑡𝑛𝑛+𝑘𝑘

𝑛𝑛! ,       (3.9) 

 
replacing 𝑛𝑛 by 𝑛𝑛 − 𝑘𝑘 in the R.H.S. of equation (3.9), 
we get : 
 
𝑒𝑒𝑡𝑡Ф𝜇𝜇;𝜈𝜈

∗(𝜌𝜌,𝜎𝜎,𝜏𝜏)(−𝑧𝑧𝑡𝑡, 𝑠𝑠, 𝑎𝑎; 𝑝𝑝, 𝑞𝑞) 
 

= ��
𝐵𝐵𝑝𝑝,𝑞𝑞

(𝜌𝜌,𝜎𝜎,𝜏𝜏)(𝜇𝜇 + 𝑘𝑘, 𝜈𝜈 − 𝜇𝜇)
𝐵𝐵(𝜇𝜇, 𝜈𝜈 − 𝜇𝜇)(𝑛𝑛 − 𝑘𝑘)!

∞

𝑘𝑘=0

(−1)𝑘𝑘𝑡𝑡𝑛𝑛𝑧𝑧𝑘𝑘

𝑘𝑘! (𝑘𝑘 + 𝑎𝑎)𝑠𝑠

∞

𝑛𝑛=0

,    (3.10) 

 

using the following relation [14]: 
 

(𝑛𝑛 − 𝑘𝑘)! =
(−1)𝑘𝑘𝑛𝑛!
(−𝑛𝑛)𝑘𝑘

,               (0 ≤ 𝑛𝑛 ≤ 𝑘𝑘),      (3.11) 

 
in equation (3.10), we obtain 
 
𝑒𝑒𝑡𝑡Ф𝜇𝜇;𝜈𝜈

∗(𝜌𝜌,𝜎𝜎,𝜏𝜏)(−𝑧𝑧𝑡𝑡, 𝑠𝑠, 𝑎𝑎; 𝑝𝑝, 𝑞𝑞) 
 

= ���
(−𝑛𝑛)𝑘𝑘
𝑘𝑘!

𝐵𝐵𝑝𝑝,𝑞𝑞
(𝜌𝜌,𝜎𝜎,𝜏𝜏)(𝜇𝜇 + 𝑘𝑘, 𝜈𝜈 − 𝜇𝜇)

𝐵𝐵(𝜇𝜇, 𝜈𝜈 − 𝜇𝜇)

∞

𝑘𝑘=0

𝑧𝑧𝑘𝑘

(𝑘𝑘 + 𝑎𝑎)𝑠𝑠�
𝑡𝑡𝑛𝑛

𝑛𝑛!

∞

𝑛𝑛=0

, (3.12) 

 
which on using definition (2.1) yields the desired 
result. 
 
4. Integral representations 

In this section, some integral representations for the 
extended Hurwitz-Lerch Zeta function 
  Ф𝜆𝜆,𝜇𝜇;𝜈𝜈

(𝜌𝜌,𝜎𝜎,𝜏𝜏)(𝑧𝑧, 𝑠𝑠, 𝑎𝑎; 𝑝𝑝, 𝑞𝑞) are established in the form of 
the following theorem: 
 
Theorem 4.1. For the extended Hurwitz-Lerch Zeta 
function Ф𝜆𝜆,𝜇𝜇;𝜈𝜈

(𝜌𝜌,𝜎𝜎,𝜏𝜏)(𝑧𝑧, 𝑠𝑠, 𝑎𝑎; 𝑝𝑝, 𝑞𝑞), the following integral 
representation holds true:  

 
Ф𝜆𝜆,𝜇𝜇;𝜈𝜈

(𝜌𝜌,𝜎𝜎,𝜏𝜏)(𝑧𝑧, 𝑠𝑠, 𝑎𝑎; 𝑝𝑝, 𝑞𝑞) 
 

=
1

Г(𝑠𝑠)
� 𝑡𝑡𝑠𝑠−1
∞

0
𝑒𝑒−𝑎𝑎𝑡𝑡𝐹𝐹𝑝𝑝,𝑞𝑞

(𝜌𝜌,𝜎𝜎,𝜏𝜏)(𝜆𝜆, 𝜇𝜇; 𝜈𝜈; 𝑧𝑧𝑒𝑒−𝑡𝑡)𝑑𝑑𝑡𝑡,       (4.1) 

 
(𝑅𝑅𝑒𝑒(𝑝𝑝) ≥ 0,𝑅𝑅𝑒𝑒(𝑞𝑞) ≥ 0,𝑅𝑅𝑒𝑒(𝜌𝜌) > 0,𝑅𝑅𝑒𝑒(𝜎𝜎)

> 0,𝑅𝑅𝑒𝑒(𝜏𝜏) > 0; 𝑝𝑝 = 0, 
 
𝑅𝑅𝑒𝑒(𝑎𝑎) > 0;𝑅𝑅𝑒𝑒(𝑠𝑠) > 0 𝑤𝑤ℎ𝑒𝑒𝑛𝑛|𝑧𝑧| ≤ 1 (𝑧𝑧 ≠ 1);𝑅𝑅𝑒𝑒(𝑠𝑠)

> 1 𝑤𝑤ℎ𝑒𝑒𝑛𝑛𝑧𝑧 = 1), 
 
Proof. Using the Eulerian integral [14,p. 218(3)]: 
 

1
(𝑛𝑛 + 𝑎𝑎)𝑠𝑠 =

1
Г(𝑠𝑠)� 𝑡𝑡𝑠𝑠−1

∞

0
𝑒𝑒−(𝑛𝑛+𝑎𝑎)𝑡𝑡𝑑𝑑𝑡𝑡,      

  
(𝑚𝑚𝑚𝑚𝑛𝑛{𝑅𝑅𝑒𝑒(𝑠𝑠),𝑅𝑅𝑒𝑒(𝑎𝑎)} > 0;𝑛𝑛 ∈ ℕ0),                       (4.2) 
 
in definition (2.1) and interchanging the order of 
summation and integration which may be valid under 
the conditions stated in Theorem 4.1. we get 

 

Ф𝜆𝜆,𝜇𝜇;𝜈𝜈
(𝜌𝜌,𝜎𝜎,𝜏𝜏)(𝑧𝑧, 𝑠𝑠, 𝑎𝑎; 𝑝𝑝, 𝑞𝑞) =

1
Г(𝑠𝑠)

� 𝑡𝑡𝑠𝑠−1
∞

0
𝑒𝑒−𝑎𝑎𝑡𝑡 

 

× �∑ (𝜆𝜆)𝑛𝑛∞
𝑛𝑛=0

𝐵𝐵𝑝𝑝,𝑞𝑞
(𝜌𝜌,𝜎𝜎,𝜏𝜏)(𝜇𝜇+𝑛𝑛,𝜈𝜈−𝜇𝜇)

𝐵𝐵(𝜇𝜇,𝜈𝜈−𝜇𝜇)
�𝑧𝑧𝑒𝑒−𝑡𝑡�

𝑛𝑛

𝑛𝑛!
�dt,              (4.3)  

 
which on using definition (1.9) gives the desired 
result, 
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Theorem 4.2. For the extended Hurwitz-Lerch Zeta 
function Ф𝜆𝜆,𝜇𝜇;𝜈𝜈

(𝜌𝜌,𝜎𝜎,𝜏𝜏)(𝑧𝑧, 𝑠𝑠, 𝑎𝑎; 𝑝𝑝, 𝑞𝑞), the following integral 
representation holds true:  
 
Ф𝜆𝜆,𝜇𝜇;𝜈𝜈

(𝜌𝜌,𝜎𝜎,𝜏𝜏)(𝑧𝑧, 𝑠𝑠, 𝑎𝑎; 𝑝𝑝, 𝑞𝑞) =
1

𝐵𝐵(𝜇𝜇, 𝜈𝜈 − 𝜇𝜇)�
𝑢𝑢𝜇𝜇−1

(1 + 𝑢𝑢)𝜈𝜈
∞

0
 

 
×  𝐸𝐸𝜌𝜌,𝜎𝜎

𝜏𝜏 �−𝑝𝑝 �
1 + 𝑢𝑢
𝑢𝑢

��𝐸𝐸𝜌𝜌,𝜎𝜎
𝜏𝜏 �

−𝑞𝑞
1 + 𝑢𝑢

�Ф𝜆𝜆
∗ �

𝑧𝑧𝑢𝑢
1 + 𝑢𝑢

, 𝑠𝑠, 𝑎𝑎�𝑑𝑑𝑢𝑢, (4.4) 
 
(𝑅𝑅𝑒𝑒(𝑝𝑝) ≥ 0,𝑅𝑅𝑒𝑒(𝑞𝑞) ≥ 0,𝑅𝑅𝑒𝑒(𝜌𝜌) > 0,𝑅𝑅𝑒𝑒(𝜎𝜎) > 0, 
𝑅𝑅𝑒𝑒(𝜏𝜏) > 0; 𝑝𝑝 = 0,𝑅𝑅𝑒𝑒(𝜈𝜈) > 𝑅𝑅𝑒𝑒(𝜇𝜇) > 0) 
and 

 

Ф𝜆𝜆,𝜇𝜇;𝜈𝜈
(𝜌𝜌,𝜎𝜎,𝜏𝜏)(𝑧𝑧, 𝑠𝑠, 𝑎𝑎; 𝑝𝑝, 𝑞𝑞) =

1
Γ(s)B(𝜇𝜇, 𝜈𝜈 − 𝜇𝜇) 

× � �
𝑡𝑡𝑠𝑠−1𝑒𝑒−𝑎𝑎𝑡𝑡𝑢𝑢𝜇𝜇−1

(1 + 𝑢𝑢)𝜈𝜈
∞

0
𝐸𝐸𝜌𝜌,𝜎𝜎
𝜏𝜏 �−𝑝𝑝 �

1 + 𝑢𝑢
𝑢𝑢

��
∞

0
 

              𝐸𝐸𝜌𝜌,𝜎𝜎
𝜏𝜏 �

−𝑞𝑞
1 + 𝑢𝑢

� �1 −
𝑧𝑧𝑢𝑢𝑒𝑒−𝑡𝑡

1 + 𝑢𝑢
�
−𝜆𝜆

𝑑𝑑𝑡𝑡𝑑𝑑𝑢𝑢,         (4.5) 

 
(𝑅𝑅𝑒𝑒(𝑝𝑝) ≥ 0,𝑅𝑅𝑒𝑒(𝑞𝑞) ≥ 0,𝑅𝑅𝑒𝑒(𝜌𝜌) > 0,𝑅𝑅𝑒𝑒(𝜎𝜎) > 0,

𝑅𝑅𝑒𝑒(𝜏𝜏) > 0; 𝑝𝑝 = 0, 
𝑅𝑅𝑒𝑒(𝜈𝜈) > 𝑅𝑅𝑒𝑒(𝜇𝜇) > 0,𝑚𝑚𝑚𝑚𝑛𝑛{𝑅𝑅𝑒𝑒(𝑠𝑠),𝑅𝑅𝑒𝑒(𝑎𝑎)} > 0) 
 
Proof. Putting 𝑥𝑥 = 𝜇𝜇 + 𝑛𝑛 and 𝑦𝑦 = 𝜈𝜈 − 𝜇𝜇 in the 
following integral representation of the extended Beta 
function [5,p. 43(1.13)]: 
 

𝐵𝐵𝑝𝑝,𝑞𝑞
(𝜌𝜌,𝜎𝜎,𝜏𝜏)(𝑥𝑥, 𝑦𝑦) = �

𝑢𝑢𝑥𝑥−1

(1 + 𝑢𝑢)𝑥𝑥+𝑦𝑦
∞

0
 

× 𝐸𝐸𝜌𝜌,𝜎𝜎
𝜏𝜏 �−𝑝𝑝 �

1 + 𝑢𝑢
𝑢𝑢

��𝐸𝐸𝜌𝜌,𝜎𝜎
𝜏𝜏 �

−𝑞𝑞
1 + 𝑢𝑢

� 𝑑𝑑𝑢𝑢,              (4.6) 

 
we obtain 
 

𝐵𝐵𝑝𝑝,𝑞𝑞
(𝜌𝜌,𝜎𝜎,𝜏𝜏)(𝜇𝜇 + 𝑛𝑛, 𝜈𝜈 − 𝜇𝜇) = �

𝑢𝑢𝜇𝜇+𝑛𝑛−1

(1 + 𝑢𝑢)𝜈𝜈+𝑛𝑛
∞

0
 

     × 𝐸𝐸𝜌𝜌,𝜎𝜎
𝜏𝜏 �−𝑝𝑝 �

1 + 𝑢𝑢
𝑢𝑢

��𝐸𝐸𝜌𝜌,𝜎𝜎
𝜏𝜏 �

−𝑞𝑞
1 + 𝑢𝑢

� 𝑑𝑑𝑢𝑢,           (4.7) 

 
which on using it in definition (2.1) yields 

Ф𝜆𝜆,𝜇𝜇;𝜈𝜈
(𝜌𝜌,𝜎𝜎,𝜏𝜏)(𝑧𝑧, 𝑠𝑠, 𝑎𝑎; 𝑝𝑝) =

1
𝐵𝐵(𝜇𝜇, 𝜈𝜈 − 𝜇𝜇)�

(𝜆𝜆)𝑛𝑛
𝑛𝑛!

∞

𝑛𝑛=0

 

 

× �
𝑢𝑢𝜇𝜇+𝑛𝑛−1

(1 + 𝑢𝑢)𝜈𝜈+𝑛𝑛
𝐸𝐸𝜌𝜌,𝜎𝜎
𝜏𝜏 �−𝑝𝑝 �

1 + 𝑢𝑢
𝑢𝑢

��𝐸𝐸𝜌𝜌,𝜎𝜎
𝜏𝜏 �

−𝑞𝑞
1 + 𝑢𝑢

�
∞

0
 

×
𝑧𝑧𝑛𝑛

(𝑛𝑛 + 𝑎𝑎)𝑠𝑠 𝑑𝑑𝑢𝑢,                                                            (4.8) 

 
interchanging the order of summation and integration 
in equation (4.8), which is verified under the given 
conditions here, we get: 
 

Ф𝜆𝜆,𝜇𝜇;𝜈𝜈
(𝜌𝜌,𝜎𝜎,𝜏𝜏)(𝑧𝑧, 𝑠𝑠, 𝑎𝑎; 𝑝𝑝, 𝑞𝑞) =

1
𝐵𝐵(𝜇𝜇, 𝜈𝜈 − 𝜇𝜇)�

𝑢𝑢𝜇𝜇−1

(1 + 𝑢𝑢)𝜈𝜈
∞

0
 

× 𝐸𝐸𝜌𝜌,𝜎𝜎
𝜏𝜏 �−𝑝𝑝 �

1 + 𝑢𝑢
𝑢𝑢

��𝐸𝐸𝜌𝜌,𝜎𝜎
𝜏𝜏 �

−𝑞𝑞
1 + 𝑢𝑢

�  

× �
(𝜆𝜆)𝑛𝑛
𝑛𝑛!

� 𝑧𝑧𝑧𝑧
1+𝑧𝑧�

𝑛𝑛

(𝑛𝑛 + 𝑎𝑎)𝑠𝑠

∞

𝑛𝑛=0

𝑑𝑑𝑢𝑢, (4.9) 

 
using definition (1.11) in the R.H.S. of equation (4.9), 
we get the desired result (4.4). 

 
Also, using definition (1.18) in the R.H.S. of equation 
(4.4), we get the desired result (4.5) and thus the proof 
of Theorem 4.2 is completed. 
 
Theorem 4.3. For the extended Hurwitz-Lerch Zeta 
function Ф𝜆𝜆,𝜇𝜇;𝜈𝜈

(𝜌𝜌,𝜎𝜎,𝜏𝜏)(𝑧𝑧, 𝑠𝑠, 𝑎𝑎; 𝑝𝑝, 𝑞𝑞), the following integral 
representation holds true: 
 
Ф𝜆𝜆,𝜇𝜇;𝜈𝜈

(𝜌𝜌,𝜎𝜎,𝜏𝜏)(𝑧𝑧, 𝑠𝑠, 𝑎𝑎; 𝑝𝑝, 𝑞𝑞) 

=
1

Г(𝜆𝜆)� 𝑡𝑡𝜆𝜆−1
∞

0
𝑒𝑒−𝑡𝑡Ф𝜆𝜆,𝜇𝜇;𝜈𝜈

∗(𝜌𝜌,𝜎𝜎,𝜏𝜏)(𝑧𝑧𝑡𝑡, 𝑠𝑠, 𝑎𝑎; 𝑝𝑝,𝑞𝑞)𝑑𝑑𝑡𝑡,    (4.10) 

 
(𝑅𝑅𝑒𝑒(𝑝𝑝) ≥ 0,𝑅𝑅𝑒𝑒(𝑞𝑞) ≥ 0,𝑅𝑅𝑒𝑒(𝜌𝜌) > 0,𝑅𝑅𝑒𝑒(𝜎𝜎) > 0, 

𝑅𝑅𝑒𝑒(𝜏𝜏) > 0; 𝑝𝑝 = 0,𝑅𝑅𝑒𝑒(𝜆𝜆) > 0, 
𝑅𝑅𝑒𝑒(𝑎𝑎) > 0;𝑅𝑅𝑒𝑒(𝑠𝑠) > 0 𝑤𝑤ℎ𝑒𝑒𝑛𝑛|𝑧𝑧| ≤ 1 (𝑧𝑧 ≠ 1); 

𝑅𝑅𝑒𝑒(𝑠𝑠) > 1 𝑤𝑤ℎ𝑒𝑒𝑛𝑛𝑧𝑧 = 1). 
 
Proof. Applying the following integral representation 
of the Pochhammer symbol (λ)n: 
 

(λ)n =
1

Г(λ)
� tλ+n−1
∞

0
e−t dt,                              (4.11) 

 
in definition (2.1) and inverting the order of 
summation and integration which may be permissible 
under the conditions stated Theorem 4.3. we get: 
Фλ,µ;ν

(ρ,σ,τ)(z, s, a; p, q) 
 

=
1

Г(λ)� tλ−1
∞

0
e−t�

Bp,q
(ρ,σ,τ)(µ + n, ν − µ)

B(µ, ν − µ)    
∞

n=0

      

×  
(zt)n

n! (n + a)s  dt,    (4.12) 

 
which on using equation (2.5) gives the desired result. 
 
Remark 4.1. 
(1) If we set τ = 1in (2.6), (2.13) -(2.16), 
(3.1),(3.5),(3.8),(4.1),(4.4),(4.5),(4.10), we  obtain a 
new results for extended Hurwitz-Lerch Zeta function   
Фλ,µ;ν

(ρ,σ)(z, s, a; p, q) given in (2.2). 

(2) If we set   ρ = σ = τ = 1, p = qin the above 
mentioned results,we obtain a known corresponding 
results due to Parmar and Raina [11] for  the extended 
Hurwitz-Lerch Zeta function Фλ,µ;ν(z, s, a; p)given in 
(1.14). 
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5. Conclusion 

In this paper, new extension of Hurwitz-Lerch Zeta 
function Фλ,µ;ν

(ρ,σ,τ)(z, s, a; p, q) is and new results can be 
obtained as special cases of the main results obtained 
in the previous introduced with the help of the 
extended Beta function Bp,q

(ρ,σ,τ)(x, y) given in [5]. 
Various properties of that extended function are 
investigated such as recurrence relation, generating 
relations and integral representations, it is interesting 
to mention here that many know sections. 
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 مقالة بحثیة

𝐁𝐁𝐩𝐩,𝐪𝐪 لیرتش زیتا وبعض خواصھا باستخدام دالة بیتا الممددة -تمدید جدید لدالة ھورویتز
(𝛒𝛒,𝛔𝛔,𝛕𝛕)(𝐱𝐱,𝐲𝐲) 
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