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Abstract

The main objective of this paper is to introduce a new extension of extended Gamma and Beta functions in
terms of generalized Wright function. Various properties of these extended functions are investigated such

as integral representations, summation formulas and Mellin transform.
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1. Introduction

Many extensions of the different special functions (the
Gamma and Beta functions, the Gauss hypergeometric
function, and so on) have been introduced by different
authors (see [1], [3, 4], [8-10]).
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VB P (x,y)
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(Re(x) > 0,Re(y) > 0,Re(a) > 0,Re(B) > 1,)
Re(p) >0 ’

where 5, (.) denoted the Wright function defined by
[11]

Zn

= 1
Wi(a, B 2) = ;mm.

Fora = 0 and B8 = 2, equations (1.1) and (1.2) reduce to
the extended Gamma and Beta type functions due to
Chaudhry et al. [4] defined by

(1.3)

o0

L,(x) = f t* texp (—t - ?) dt, (1.4)
0
) (Re(p) > 0).
B(x,y;p) =f (1 - t)y‘letu—fo dt, (1.5)
0

(where Re(p) > 0,Re(x) > 0,Re(y) > 0).

Which for p = 0 give the classical Gamma and Beta
functions defined by [4]

o0

rx) = f t*le t de, (Re(x) > 0), (1.6)
0

1

B(x,y) = j t*71(1 — )Yt dt, (1.7)
0

(Re(x) > 0,Re(y) >0),

In this paper, we introduce the following extension of
Gamma and Euler's Beta functions:

,B;y.8 s 5 P
WI—;J(aﬁY )(x) =J(; t* 1W0ZB (—t—?) dt, (1.8)

(Re(x) >0,apB,v,6€Ca>-1,6 +0,—-1,-2, )
p=0
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) dt, (1.9)

where Re(x) > 0,Re(y) > 0,a,B,y,6 € C;a > —1,
§#0,—-1,-2,..p =0,

and Wy (.) denotes the generalized Wright function
defined by [5]

(Y)n z"
w)s z 1.10
@ =2, @+ par (1.10)
(a;ﬁ;y:ae C;a> _1,6¢ 0,_1,_2,--.,Z € Cand)
|z| < 1,witha = —1 ’

It is obvious that,

WI—;J(a,ﬁ:&(S) (X) — 1/11—;’(0!..3) (X),

Y ~(0,2) —
L2 @) = I,x),
Y2 () = ),

WB(aﬁ 55)(x y) = IIJB(a/?)(x ),

YB*?(x,y) = B, (x,y),
YB{*P (x,y) = B(x,y).

2. Properties of Extended Gamma and Beta
functions
In this section, we introduce some properties of the
new extended Gamma and Beta functions in the form of
the following theorems:

Theorem 2.1. For the product of two Gamma function
WI;,(“'B ¥ (), we have the following integral
representation:

B;y.6 B;v.6
WI—;)(II,BV )(x)WI—;)(UlBV )(y)

s
- o0
2
= 4] f r2@+y)=1 cg2x-1 g gin2y-1¢9

Ve (_. .2 29 _ p
X W, 5 ( 7°cos“ 6 T g2 9)
V.8 ; p
X Wa’-B (—Tz sin?8 — m) drdé. (2.1)

Proof. Substituting t = 2 in definition (1.8), we get

WI—;)((Z.B;Y.5)(X) — 2]0 an—l Wa}T; <_n2 _ %) dn'

Now, we have

B;v.8 B;v.8
WI;(aﬁy )(x)WI—;J(aﬁV )(y)

_ 4J-w ferZx_l{zy—1 Wa]ff <_r]2 — %)
o Yo n

XW[ZES( ¢ - fZ) dnds,

Which on putting n = rcos 8 and & = rsiné, we get the
desired result.

Theorem 2.2. The new extended of Beta function has the
following relation:

WL (x +1,9) + WBLFTD (x,y + 1)
Biv.6
= "B, " (x,y) (22)

Proof. Consider the left hand side of (2.2), we have

Bv.8 B;v,6
WB,SQBY )(x+1,y)+WBZE“BV )(x,y+1)

- f "1 - o +tx'1(1—t)y}ny6( L) dt
0 afb\ t(1-t))

p— 1x— 6 p
_fot -7 e+ (- oyl (- m)d“

1
- - p
= | t*1(1-1t) 1Wy'5<—7)dt,
JO -9 “F\ t(1-10)

Which proves the desired result.

Theorem 2.3. The new extended of Beta function has the
following summation formula:

w p(a,B;v.6)
Bp (x: 1- }’)

= Do LEW BT (x4, 1), (2.3)
Proof. Consider the generalized binomial theorem
(11— = Z%t”, (It] < 1). (2.4)
n=0 )

Applying (2.4) to the definition (1.9) of extended Beta
function, we get

=)

WBlga.B;y.z?) (x,1
(y)n 6 p
— R pxAn=1yy Y ( )dt,
jo n! aB \ t(1—1t)

Now, interchanging the order of summation and
integration in above equation and using (1.9), we get
desired result.
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Theorem 2.4. The new extended of Beta function has the
following summation
Formula:

w p(a.B;y.6) _ w p(a.B;y.8)
B, (x,y) = z B, (x+ny+1). (25)

n=0

Proof. Replacing the following series representation

0

Q- =-0 ) e,

n=0

In definition(2.1), we obtain

B;y.6
B P (x,y)

1 (o]
P
=| a-0v> Z grn-1pyrd (— ) dt,
fo & “P\t@a-0

Interchanging the order of integration and summation in
above equation and using (1.9), we get the desired result.

Theorem 2.5. The following relation holds true

B;y,6
BP0 (x,y)

(Z) WBIE“‘B‘V‘S)(X +k,y+n—k), (2.6)

n
k=0
(n € Np).

Proof. Starting withn = 1,2, 3, ..., in (2.6) we have:
Forn =1, we get

WBISa,ﬁ:V,a) (x,y)

= WBISa’ﬁ:y'S) (x,y+ 1+ WBIE“'B"V'S) (x+1y),
Forn = 2, we get
WBIEa.B;y.S) (x,7)

= WBIS“'B;V"S) (x+2,9)+ ZWBZE“'B‘V"S) x+1y+1)

+WBIE‘Z'BW'6) (x,y+2),
For n = 3, we get
WBzEa,B:V.t?) (x,y)
= szEa,B:y.d)(x’y +3)+ 3WBZE“”3:V'6) x+1,y+2)

w p(a,Bv.8) w p(apB;y.8)
+37B, (x+2,y+1)+ "B, x+3,y),

and so on. The above series behaves like as finite
binomials series does. Thus, we can finally obtain the
desired relation (2.6).

Theorem 2.6. The new extended Beta function has the
following summation formula:

B;v.6
WBéaﬁV )(x’y)

o0

B @)m(=p)™
B P &) I (am + B)m!

B(x —m,y—m). (2.7)

Proof. Expanding the Wright functions in the right hand
said of equation (1.9) and then using relation (1.7) in the
resultant equation, we get the desired result.

Theorem 2.7. The new extended Beta function has the
following summation formula:

szEa,B,y,y+n+1) (X, }’)

n

(1"
= (a1 Ty o szga,ﬁ,Y+k.y+k+1) (x,7).(2.8)
k=0

Proof. Consider the following relation [5. P. 8(71)]:

Walfg+n+1 (Z)

n
(_1)k y+k’y+k+1(z),

= Wy Z k'(n—k)! (y + k) Wep

k=0

—p
t(1-t)
multiplying both sides of the resultant equation
by t*~1(1 — t)¥~1 and then integrating with respect to t
from 0 to 1 we obtain

Replacing z by in the above equation and

1
-p
tX1(1 — o)y iw it ( )dt
fo (=6 W t(1-1¢)

n

(-1
k=0k! n—K)!'{y+k)

= (y)n+1

1
_ _ -p
x | t¥1(1-¢t)Y 1W"”‘"’*"“( )dt,
jo ( ) @B t(1—1)

which on using definition (1.9), we get the desired result.

Remark 2.1. For n=1 in result (2.8), we get the following
recurrence relation:

WBzEUl,ﬁ;Y'Y"'Z) (X, y)

=@+ 1)WBIE6L,3:V:V+1) (x,y) + walga.B:y+1.y+2)(x' ).(2.9)
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Theorem 2.8. The new extended Beta function has the
following summation formula:

By T (@, y) + (1= BB (x, )

_ —ayp WBISa,a+ﬁ,y+l,6+1)(x —1,y-1).

S (2.10)

Proof. Consider the following relation [5. P. 9(74)]:

a

Yz
Wl @+ (= U@ =W @),

Replacing z by t(;—f’t) in the above equation and
multiplying both sides of the resultant equation

by t*~1(1 — t)¥~ and then integrating with respect to t
from 0 to 1 we obtain

! é
_ — Y, p
J; t* 1(1 - t)y 1VVa,ﬁ—1 (

m)dt+(1—ﬁ)

1
1%
x-1(1 y-1 Yy5( )
xj;t 1-19 W, =0 dt

Yo (., - +16+1(  ~P

1-— y=—217YtL ( )
- fo 2= W (o)
which on using definition (1.9), we get the desired result.

3. Integral Formulas

In this section, we get some integral formulas for the
new extended Beta function in form of the following
theorems:

Theorem 3.1. The new extended of extended Beta
function has the following Mellin transform relation:

M VBT (e, y);p — s}

=B(x+s,y+ S)WI"O(“'B:V"S) (s), (3.1)

Re(x +s) > 0,Re(y +s) > 0,Re(a) >0,
Re(B) > 1,Re(p) > 0,Re(s) > 0.

Proof. By applying the Mellin transform to (1.9)

M {WBZEOI”B:V.(?) (x,y);p — S}

0 _ 1 _ - ,6 14
_ fo P 1f0 £571(1 — )yt Wa}fﬁ (_ e

)dtdp. (3.2)

Interchanging the order of integrations, we have

M{WBé“‘ﬁ‘y"”(x, }/);p N S}
1
=f t* (1 —-t)¥ 1
0

" s=1y17V.0 p
x{fo A (—t(l_t)>dp}dt, 3.3)

. . _ p .
Substituting v = emredll (3.3), we get

M {WBéa.ﬁ;y,J) (x,9);p — S}

1 ©
— J- gxXFs=1(1 — £)¥+s-1gg {f vs—lwa]:'gs(—v)dv } .(34)
0 0

Using definition (1.1) (for p = 0)in the right hand
said of the above equation, we get the desired result.

Theorem 3.2. The new extended of Beta function has the
following Mellin transforms formula:

,B;v,6
WB}Saﬁy )(x'y)

1 (T + T + )V LCPTO(s) ege (35
C2mi) F'(x+y+2s) pds, (3:5)

(Re(x) > 0,Re(y) > 0,Re(a) > 0,Re(B) > 1,p=0,).

Proof. Applying the inverse Mellin transform on both
sides of (3.1), we get the desired result.

Theorem 3.3. The following integral representations
holds true:

B3v.8
By (x, y)

T

=2 fz cos?*~1gsin?y-1 gWY:s (— P
0

w570 sizs) 0 3O

a,p

B3v.8
BT (x, y)

) ux—l 1
= f —w(-2p-p (u + —) du (3.7)
o (L4+u)x+y "akb u ’ '

B;v.6
VB (x,y)
c
= (c— @)t j (W= @)*1(c — ¥~
a

xWe <M) du. (3.8)

(u—-a)(c—w

Proof. Equations (3.6) - (3.8) can be easily obtained by
taking the transformation ¢ = cos® 6, t = ——and t =

u—a

— in (2.9), respectively.
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Theorem 3.4. The following integral representations
holds true:

1
WBIanﬁ:V,é')(x ) = % t*1(1 —¢)¥t
14 (1 -V 1)
5l 0 et -5 n) B9
WBLET O (x,y) = % 1t"‘l(l -t
01D ;
X 192 6,1, (B, a);t(1 - t)] dt, (3.10)
1
WBlga,ﬁ:V,(?)(x’ y) = % t (1 —¢)y?
XG”[t(l t)|01—ﬁ 1- ]dt (3.11)

where Hy' ¢ (. )denoted the Fox H-function [7],
2, denoted the Fox-Wright function [6] and G;*7'(.)
denoted the Meijer G-Function [2].

Proof. Applying the following relations :

8 _ (6) 1 (1 =Y 1)
Weg (-2) = 10y Hi 3 [Z'(O.l). 1-ga) 1 —5,1)]'
V.8 F(é‘) (]/! 1) ;
W @ =105 Y2 16,1), (8, 0)7

, _ ( 11 1-
WCZ[;S(_Z) - T}/)Gl 3 I:Zlo’l _Brl _y]

in the R.H.S. of equation (1.9) respectively, we get the
desired results.

Theorem 3.5. The following integral representations
holds true:

B;y,6
BP0 (x,y)

1 1 1
= ur1(1 —w)8-r-1gx-1(1 — ¢)y-1L
T, J, ey

X We g (— (3.12)

pu
m) dudt.

Proof. Applying the following relations:
w3 (2)

re) 1

- - - y_1 _ 5—}/—1
TG =y ), ¥ AW Weplzudu

in the R.H.S. of equation (1.9) , we get the desired results.
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