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Abstract 

The main objective of this paper is to introduce a new extension of extended Gamma and Beta functions in 

terms of generalized Wright function. Various properties of these extended functions are investigated such 

as integral representations, summation formulas and Mellin transform. 
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1. Introduction 

Many extensions of the different special functions (the 

Gamma and Beta functions, the Gauss hypergeometric 

function, and so on) have been introduced by different 

authors (see [1], [3, 4], [8-10]). 

 

𝛤𝑝
(𝛼,𝛽)

(𝑥)𝜓
= ∫ 𝑡𝑥−1 𝜓1 (𝛼, 𝛽; −𝑡 −

𝑝

𝑡
)1

∞

0

𝑑𝑡,            (1.1) 

 

(𝑅𝑒(𝑥) > 0, 𝑅𝑒(𝛼) > 0, 𝑅𝑒(𝛽) > 1, 𝑅𝑒(𝑝) > 0), 

 

𝐵𝑝
(𝛼,𝛽)𝜓 (𝑥, 𝑦) 

= ∫ 𝑡𝑥−1(1 − 𝑡)𝑦−1
1

0

𝜓1 (𝛼, 𝛽; −
𝑝

𝑡(1 − 𝑡)
)1 𝑑𝑡, (1.2) 

 

(
𝑅𝑒(𝑥) > 0, 𝑅𝑒(𝑦) > 0 , 𝑅𝑒(𝛼) > 0, 𝑅𝑒(𝛽) > 1,

𝑅𝑒(𝑝) > 0
), 

 

where ψ1(. )1  denoted the Wright function defined by 

[11] 

𝜓11 (𝛼, 𝛽; 𝑧) = ∑
1

𝛤(𝛼𝑛 + 𝛽)

∞

𝑛=0

𝑧𝑛

𝑛!
,                        (1.3) 

For 𝛼 = 0 and 𝛽 = 2, equations (1.1) and (1.2) reduce to 

the extended Gamma and Beta type functions due to 

Chaudhry et al. [4] defined by  

 

𝛤𝑝(𝑥) = ∫ 𝑡𝑥−1𝑒𝑥𝑝 (−𝑡 −
𝑝

𝑡
)

∞

0

𝑑𝑡,                               (1.4) 

 

(𝑅𝑒(𝑝) > 0).  

𝐵(𝑥, 𝑦; 𝑝) = ∫ 𝑡𝑥−1(1 − 𝑡)𝑦−1𝑒
−𝑝

𝑡(1−𝑡)

1

0

𝑑𝑡,                   (1.5) 

 

(𝑤ℎ𝑒𝑟𝑒 𝑅𝑒(𝑝) > 0, 𝑅𝑒(𝑥) > 0, 𝑅𝑒(𝑦) > 0). 
 

Which for 𝑝 = 0 give the classical Gamma and Beta 

functions defined by [4]  

 

𝛤(𝑥) = ∫ 𝑡𝑥−1𝑒−𝑡
∞

0

𝑑𝑡, (𝑅𝑒(𝑥) > 0),                   (1.6) 

 

𝐵(𝑥, 𝑦) = ∫ 𝑡𝑥−1(1 − 𝑡)𝑦−1
1

0

𝑑𝑡,                                   (1.7) 

 

(𝑅𝑒(𝑥) > 0, 𝑅𝑒(𝑦) > 0 ),       
 

In this paper, we introduce the following extension of 

Gamma and Euler's Beta functions: 

 

𝛤𝑝
(𝛼,𝛽;𝛾,𝛿)𝑊 (𝑥) = ∫ 𝑡𝑥−1𝑊𝛼,𝛽

𝛾,𝛿
(−𝑡 −

𝑝

𝑡
)

∞

0

𝑑𝑡,     (1.8) 

 

(
𝑅𝑒(𝑥) > 0, 𝛼, 𝛽, 𝛾, 𝛿 ∈ 𝐶; 𝛼 > −1, 𝛿 ≠ 0, −1, −2, …

𝑝 ≥ 0
) 
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𝐵𝑝
(𝛼,𝛽;𝛾,𝛿)𝑊 (𝑥, 𝑦) 

= ∫ 𝑡𝑥−1(1 − 𝑡)𝑦−1
1

0

𝑊𝛼,𝛽
𝛾,𝛿

(−
𝑝

𝑡(1 − 𝑡)
)  𝑑𝑡,   (1.9) 

 

where 𝑅𝑒(𝑥) > 0, 𝑅𝑒(𝑦) > 0 , 𝛼, 𝛽, 𝛾, 𝛿 ∈ 𝐶; 𝛼 > −1, 
𝛿 ≠ 0, −1, −2, … 𝑝 ≥ 0,  
 

and 𝑊𝛼,𝛽
𝛾,𝛿(. ) denotes the  generalized Wright function 

defined by [5] 

𝑊𝛼,𝛽
𝛾,𝛿(𝑧) = ∑

(𝛾)𝑛

(𝛿)𝑛𝛤(𝛼𝑛 + 𝛽)

∞

𝑛=0

𝑧𝑛

𝑛!
.                        (1.10) 

 

(
𝛼, 𝛽, 𝛾, 𝛿 ∈ 𝐶; 𝛼 > −1, 𝛿 ≠ 0, −1, −2, … , 𝑧 ∈ 𝐶 𝑎𝑛𝑑

 |𝑧| < 1, 𝑤𝑖𝑡ℎ 𝛼 = −1
), 

 

It is obvious that,  

 

𝛤𝑝
(𝛼,𝛽;𝛿,𝛿)𝑊 (𝑥) =  𝛤𝑝

(𝛼,𝛽)𝜓 (𝑥), 

𝛤𝑝
(0,2)𝜓 (𝑥) = 𝛤𝑝(𝑥), 

𝛤0
(0,2)𝜓 (𝑥) = 𝛤(𝑥), 

𝐵𝑝
(𝛼,𝛽;𝛿,𝛿)𝑊 (𝑥, 𝑦) = 𝐵𝑝

(𝛼,𝛽)𝜓 (𝑥, 𝑦), 

𝐵𝑝
(0,2)𝜓 (𝑥, 𝑦) = 𝐵𝑝(𝑥, 𝑦), 

𝐵0
(0,2)𝜓 (𝑥, 𝑦) = 𝐵(𝑥, 𝑦). 

2. Properties of Extended Gamma and Beta 

functions  

In this section, we introduce some properties of the 

new extended  Gamma and Beta functions in the form of 

the following theorems: 

 

Theorem 2.1. For the product of two Gamma function 

𝛤𝑝
(𝛼,𝛽;𝛾,𝛿)𝑊 (. ) , we have the following integral 

representation: 

 

𝛤𝑝
(𝛼,𝛽;𝛾,𝛿)𝑊 (𝑥) 𝛤𝑝

(𝛼,𝛽;𝛾,𝛿)𝑊 (𝑦) 

= 4 ∫ ∫ 𝑟2(𝑥+𝑦)−1
∞

0

𝑐𝑜𝑠2𝑥−1 𝜃 𝑠𝑖𝑛2𝑦−1 𝜃 

𝜋

2

0

 

× 𝑊𝛼,𝛽
𝛾,𝛿

(−𝑟2 𝑐𝑜𝑠2 𝜃 −
𝑝

𝑟2 𝑐𝑜𝑠2 𝜃
) 

× 𝑊𝛼,𝛽
𝛾,𝛿

(−𝑟2 𝑠𝑖𝑛2 𝜃 −
𝑝

𝑟2 𝑠𝑖𝑛2 𝜃
) 𝑑𝑟𝑑𝜃.         (2.1) 

Proof. Substituting 𝑡 = 𝜂2  in definition (1.8), we get  

𝛤𝑝
(𝛼,𝛽;𝛾,𝛿)𝑊 (𝑥) = 2 ∫ 𝜂2𝑥−1

∞

0

𝑊𝛼,𝛽
𝛾,𝛿

(−𝜂2 −
𝑝

𝜂2
)  𝑑𝜂, 

Now, we have  

𝛤𝑝
(𝛼,𝛽;𝛾,𝛿)𝑊 (𝑥) 𝛤𝑝

(𝛼,𝛽;𝛾,𝛿)𝑊 (𝑦) 

= 4 ∫ ∫ 𝜂2𝑥−1𝜉2𝑦−1
∞

0

𝑊𝛼,𝛽
𝛾,𝛿

(−𝜂2 −
𝑝

𝜂2
) 

∞

0

 

× 𝑊𝛼,𝛽
𝛾,𝛿

(−𝜉2 −
𝑝

𝜉2
) 𝑑𝜂𝑑𝜉,     

 Which on putting 𝜂 = 𝑟𝑐𝑜𝑠 𝜃 and 𝜉 = 𝑟𝑠𝑖𝑛𝜃, we get the 

desired result. 

 

Theorem 2.2. The new extended of Beta function has the 

following relation: 

 

𝐵𝑝
(𝛼,𝛽;𝛾,𝛿)𝑊 (𝑥 + 1, 𝑦) + 𝐵𝑝

(𝛼,𝛽;𝛾,𝛿)𝑊 (𝑥, 𝑦 + 1) 

= 𝐵𝑝
(𝛼,𝛽;𝛾,𝛿)𝑊 (𝑥, 𝑦)                                                (2.2) 

Proof. Consider the left hand side of (2.2), we have 

𝐵𝑝
(𝛼,𝛽;𝛾,𝛿)𝑊 (𝑥 + 1, 𝑦) + 𝐵𝑝

(𝛼,𝛽;𝛾,𝛿)𝑊 (𝑥, 𝑦 + 1) 

= ∫ {𝑡𝑥(1 − 𝑡)𝑦−1 + 𝑡𝑥−1(1 − 𝑡)𝑦}
1

0

× 𝑊𝛼,𝛽
𝛾,𝛿

(−
𝑝

𝑡(1 − 𝑡)
) 𝑑𝑡, 

= ∫ 𝑡𝑥−1(1 − 𝑡)𝑦−1{𝑡 + (1 − 𝑡)}
1

0

𝑊𝛼,𝛽
𝛾,𝛿

(−
𝑝

𝑡(1 − 𝑡)
) 𝑑𝑡, 

 = ∫ 𝑡𝑥−1(1 − 𝑡)𝑦−1
1

0

𝑊𝛼,𝛽
𝛾,𝛿

(−
𝑝

𝑡(1 − 𝑡)
) 𝑑𝑡,   

Which proves the desired result.  

Theorem 2.3. The new extended of Beta function has the 

following summation formula: 

 

𝐵𝑝
(𝛼,𝛽;𝛾,𝛿)𝑊 (𝑥, 1 − 𝑦) 

= ∑
(𝑦)𝑛

𝑛!

∞
𝑛=0 𝐵𝑝

(𝛼,𝛽;𝛾,𝛿)𝑊 (𝑥 + 𝑛, 1).                      (2.3) 

Proof. Consider the generalized binomial theorem 

(1 − 𝑡)−𝑦 = ∑
(𝑦)𝑛

𝑛!

∞

𝑛=0

𝑡𝑛, (|𝑡| < 1).                       (2.4) 

Applying (2.4) to the definition (1.9) of extended Beta 

function, we get 

 

𝐵𝑝
(𝛼,𝛽;𝛾,𝛿)𝑊 (𝑥, 1 − 𝑦) 

= ∫ ∑
(𝑦)𝑛

𝑛!

∞

𝑛=0

1

0

𝑡𝑥+𝑛−1𝑊𝛼,𝛽
𝛾,𝛿

(−
𝑝

𝑡(1 − 𝑡)
) 𝑑𝑡, 

Now, interchanging the order of summation and 

integration in above equation and using (1.9), we get 

desired result. 
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Theorem 2.4. The new extended of Beta function has the 

following summation 

Formula: 

𝐵𝑝
(𝛼,𝛽;𝛾,𝛿)𝑊 (𝑥, 𝑦) = ∑ 𝐵𝑝

(𝛼,𝛽;𝛾,𝛿)𝑊 (𝑥 + 𝑛, 𝑦 + 1).

∞

𝑛=0

 (2.5) 

Proof. Replacing the following series representation  

(1 − 𝑡)𝑦−1 = (1 − 𝑡)𝑦 ∑ 𝑡𝑛

∞

𝑛=0

  ,   

In definition(2.1), we obtain 

𝐵𝑝
(𝛼,𝛽;𝛾,𝛿)𝑊 (𝑥, 𝑦) 

= ∫ (1 − 𝑡)𝑦 ∑ 𝑡𝑥+𝑛−1𝑊𝛼,𝛽
𝛾,𝛿

(−
𝑝

𝑡(1 − 𝑡)
) 𝑑𝑡,

∞

𝑛=0

1

0

 

Interchanging the order of integration and summation in 

above equation and using (1.9), we get the desired result.  

 

Theorem 2.5. The following relation holds true 

𝐵𝑝
(𝛼,𝛽;𝛾,𝛿)𝑊 (𝑥, 𝑦) 

= ∑ (
𝑛
𝑘

) 𝐵𝑝
(𝛼,𝛽;𝛾,𝛿)𝑊 (𝑥 + 𝑘, 𝑦 + 𝑛 − 𝑘)

𝑛

𝑘=0

,           (2.6) 

(𝑛 ∈ ℕ0). 

Proof. Starting with 𝑛 = 1, 2, 3, …, in (2.6) we have: 

For 𝑛 = 1, we get  

 

𝐵𝑝
(𝛼,𝛽;𝛾,𝛿)𝑊 (𝑥, 𝑦) 

= 𝐵𝑝
(𝛼,𝛽;𝛾,𝛿)𝑊 (𝑥, 𝑦 + 1) + 𝐵𝑝

(𝛼,𝛽;𝛾,𝛿)𝑊 (𝑥 + 1, 𝑦), 

For 𝑛 = 2, we get  

𝐵𝑝
(𝛼,𝛽;𝛾,𝛿)𝑊 (𝑥, 𝑦) 

= 𝐵𝑝
(𝛼,𝛽;𝛾,𝛿)𝑊 (𝑥 + 2, 𝑦) + 2 𝐵𝑝

(𝛼,𝛽;𝛾,𝛿)𝑊 (𝑥 + 1, 𝑦 + 1) 

+ 𝐵𝑝
(𝛼,𝛽;𝛾,𝛿)𝑊 (𝑥, 𝑦 + 2), 

For 𝑛 = 3, we get 

𝐵𝑝
(𝛼,𝛽;𝛾,𝛿)𝑊 (𝑥, 𝑦) 

= 𝐵𝑝
(𝛼,𝛽;𝛾,𝛿)𝑊 (𝑥, 𝑦 + 3) + 3 𝐵𝑝

(𝛼,𝛽;𝛾,𝛿)𝑊 (𝑥 + 1, 𝑦 + 2) 

+3 𝐵𝑝
(𝛼,𝛽;𝛾,𝛿)𝑊 (𝑥 + 2, 𝑦 + 1) + 𝐵𝑝

(𝛼,𝛽;𝛾,𝛿)𝑊 (𝑥 + 3, 𝑦), 

and so on. The above series behaves like as finite 

binomials series does. Thus, we can finally obtain the 

desired relation (2.6).  

 

Theorem 2.6. The new extended Beta function has the 

following summation formula: 

 

𝐵𝑝
(𝛼,𝛽;𝛾,𝛿)𝑊 (𝑥, 𝑦) 

= ∑
(𝛾)𝑚(−𝑝)𝑚

(𝛿)𝑚𝛤(𝛼𝑚 + 𝛽)𝑚!

∞

𝑚=0

𝐵(𝑥 − 𝑚, 𝑦 − 𝑚).     (2. 7) 

Proof. Expanding the Wright functions in the right hand 

said of equation (1.9) and then using relation (1.7) in the 

resultant equation, we get the desired result. 

 

Theorem 2.7. The new extended Beta function has the 

following summation formula: 

 

𝐵𝑝
(𝛼,𝛽,𝛾,𝛾+𝑛+1)𝑤 (𝑥, 𝑦) 

= (𝛾)𝑛+1 ∑
(−1)𝑘

𝑘! (𝑛 − 𝑘)! (𝛾 + 𝑘)

𝑛

𝑘=0

 𝐵𝑝
(𝛼,𝛽,𝛾+𝑘,𝛾+𝑘+1)𝑤 (𝑥, 𝑦). (2.8) 

Proof. Consider the following relation [5. P. 8(71)]:  

𝑊𝛼,𝛽
𝛾,𝛾+𝑛+1(𝑧) 

= (𝛾)𝑛+1 ∑
(−1)𝑘

𝑘! (𝑛 − 𝑘)! (𝛾 + 𝑘)

𝑛

𝑘=0

 𝑊𝛼,𝛽
𝛾+𝑘,𝛾+𝑘+1(𝑧), 

Replacing 𝑧 by 
−𝑝

𝑡(1−𝑡)
 in the above equation and 

multiplying both sides of the resultant equation 

by 𝑡𝑥−1(1 − 𝑡)𝑦−1   and then integrating with respect to t 

from 0 to 1 we obtain 

∫ 𝑡𝑥−1(1 − 𝑡)𝑦−1𝑊𝛼,𝛽
𝛾,𝛾+𝑛+1

(
−𝑝

𝑡(1 − 𝑡)
) 𝑑𝑡

1

0

 

= (𝛾)𝑛+1 ∑
(−1)𝑘

𝑘! (𝑛 − 𝑘)! (𝛾 + 𝑘)

𝑛

𝑘=0

  

× ∫ 𝑡𝑥−1(1 − 𝑡)𝑦−1𝑊𝛼,𝛽
𝛾+𝑘,𝛾+𝑘+1

(
−𝑝

𝑡(1 − 𝑡)
) 𝑑𝑡

1

0

, 

which on using definition (1.9), we get the desired result. 

Remark 2.1. For n=1 in result (2.8), we get the following 

recurrence relation: 

𝐵𝑝
(𝛼,𝛽;𝛾,𝛾+2)𝑊 (𝑥, 𝑦) 

= (𝛾 + 1) 𝐵𝑝
(𝛼,𝛽;𝛾,𝛾+1)𝑊 (𝑥, 𝑦) + 𝛾 𝐵𝑝

(𝛼,𝛽;𝛾+1,𝛾+2)𝑊 (𝑥, 𝑦).(2.9) 
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Theorem 2.8. The new extended Beta function has the 

following summation formula: 

 

𝐵𝑝
(𝛼,𝛽−1,𝛾,𝛿)𝑤 (𝑥, 𝑦) + (1 − 𝛽) 𝐵𝑝

(𝛼,𝛽,𝛾,𝛿)𝑤 (𝑥, 𝑦) 

=
−𝛼𝛾𝑝

𝛿
𝐵𝑝

(𝛼,𝛼+𝛽,𝛾+1,𝛿+1)𝑤 (𝑥 − 1, 𝑦 − 1).          (2.10) 

Proof. Consider the following relation [5. P. 9(74)]:  

𝑊𝛼,𝛽−1
𝛾,𝛿 (𝑧) + (1 − 𝛽)𝑊𝛼,𝛽

𝛾,𝛿(𝑧) =
𝛼𝛾𝑧

𝛿
𝑊𝛼,𝛼+𝛽

𝛾+1,𝛿+1(𝑧) , 

Replacing z by 
−p

t(1−t)
 in the above equation and 

multiplying both sides of the resultant equation 

by tx−1(1 − t)y−1   and then integrating with respect to t 

from 0 to 1 we obtain 

∫ 𝑡𝑥−1(1 − 𝑡)𝑦−1𝑊𝛼,𝛽−1
𝛾,𝛿

(
−𝑝

𝑡(1 − 𝑡)
) 𝑑𝑡 +

1

0

(1 − 𝛽) 

× ∫ 𝑡𝑥−1(1 − 𝑡)𝑦−1𝑊𝛼,𝛽
𝛾,𝛿

(
−𝑝

𝑡(1 − 𝑡)
) 𝑑𝑡

1

0

 

=
−𝛼𝛾𝑝

𝛿
∫ 𝑡𝑥−2(1 − 𝑡)𝑦−2𝑊𝛼,𝛼+𝛽

𝛾+1,𝛿+1
(

−𝑝

𝑡(1 − 𝑡)
) 𝑑𝑡

1

0

 

which on using definition (1.9), we get the desired result. 

3. Integral Formulas 

In this section, we get some integral formulas for the 

new extended Beta function in form of the following 

theorems: 

Theorem 3.1. The new extended of extended Beta 

function has the following Mellin transform relation: 

 

ℳ { 𝐵𝑝
(𝛼,𝛽;𝛾,𝛿)𝑊 (𝑥, 𝑦); 𝑝 ⟶ 𝑠}

= 𝐵(𝑥 + 𝑠, 𝑦 + 𝑠) 𝛤0
(𝛼,𝛽;𝛾,𝛿)𝑊 (𝑠),                              (3.1) 

𝑅𝑒(𝑥 + 𝑠) > 0, 𝑅𝑒(𝑦 + 𝑠) > 0 , 𝑅𝑒(𝛼) > 0, 

𝑅𝑒(𝛽) > 1, 𝑅𝑒(𝑝) > 0, 𝑅𝑒(𝑠) > 0. 

Proof. By applying the Mellin transform to (1.9)  

ℳ { 𝐵𝑝
(𝛼,𝛽;𝛾,𝛿)𝑊 (𝑥, 𝑦); 𝑝 ⟶ 𝑠} 

= ∫ 𝑝𝑠−1∞

0
∫ 𝑡𝑥−1(1 − 𝑡)𝑦−11

0
𝑊𝛼,𝛽

𝛾,𝛿
(−

𝑝

𝑡(1−𝑡)
) 𝑑𝑡𝑑𝑝. (3.2) 

Interchanging the order of integrations, we have  

ℳ { 𝐵𝑝
(𝛼,𝛽;𝛾,𝛿)𝑊 (𝑥, 𝑦); 𝑝 ⟶ 𝑠} 

= ∫ 𝑡𝑥−1(1 − 𝑡)𝑦−1
1

0

 

× {∫ 𝑝𝑠−1𝑊𝛼,𝛽
𝛾,𝛿

(−
𝑝

𝑡(1 − 𝑡)
) 𝑑𝑝 

∞

0

} 𝑑𝑡,              3.3) 

Substituting v =
p

t(1−t)
 in (3.3), we get 

ℳ { 𝐵𝑝
(𝛼,𝛽;𝛾,𝛿)𝑊 (𝑥, 𝑦); 𝑝 ⟶ 𝑠} 

= ∫ 𝑡𝑥+𝑠−1(1 − 𝑡)𝑦+𝑠−1𝑑𝑡
1

0

{∫ 𝑣𝑠−1𝑊𝛼,𝛽
𝛾,𝛿(−𝑣)𝑑𝑣 

∞

0

} . (3.4) 

Using definition (1.1) (for 𝑝 = 0)in the right hand 

said of the above equation, we get the desired result. 

 

Theorem 3.2. The new extended of Beta function has the 

following Mellin transforms formula: 

 

𝐵𝑝
(𝛼,𝛽;𝛾,𝛿)𝑊 (𝑥, 𝑦) 

=
1

2𝜋𝑖
∫

𝛤(𝑥 + 𝑠)𝛤(𝑦 + 𝑠) 𝛤0
(𝛼,𝛽;𝛾,𝛿)𝑊 (𝑠)

𝛤(𝑥 + 𝑦 + 2𝑠)
 𝑝−𝑠𝑑𝑠,

+𝑖∞

−𝑖∞

 (3.5) 

(𝑅𝑒(𝑥) > 0, 𝑅𝑒(𝑦) > 0 , 𝑅𝑒(𝛼) > 0, 𝑅𝑒(𝛽) > 1, 𝑝 ≥ 0, ). 

Proof. Applying the inverse Mellin transform on both 

sides of (3.1), we get the desired result. 

 

Theorem 3.3. The following integral representations 

holds true: 

 

𝐵𝑝
(𝛼,𝛽;𝛾,𝛿)𝑊 (𝑥, 𝑦) 

= 2 ∫ 𝑐𝑜𝑠2𝑥−1𝜃𝑠𝑖𝑛2𝑦−1

𝜋

2

0

𝜃𝑊𝛼,𝛽
𝛾,𝛿

(−
𝑝

𝑐𝑜𝑠2 𝜃 𝑠𝑖𝑛2 𝜃
) 𝑑𝜃,   (3.6) 

𝐵𝑝
(𝛼,𝛽;𝛾,𝛿)𝑊 (𝑥, 𝑦) 

= ∫
𝑢𝑥−1

(1 + 𝑢)𝑥+𝑦

∞

0

𝑊𝛼,𝛽
𝛾,𝛿

(−2𝑝 − 𝑝 (𝑢 +
1

𝑢
)) 𝑑𝑢, (3.7) 

𝐵𝑝
(𝛼,𝛽;𝛾,𝛿)𝑊 (𝑥, 𝑦) 

= (𝑐 − 𝑎)1−𝑥−𝑦 ∫ (𝑢 − 𝑎)𝑥−1(𝑐 − 𝑢)𝑦−1 
𝑐

𝑎

                

× 𝑊𝛼,𝛽
𝛾,𝛿

(
−𝑝(𝑐 − 𝑎)2

(𝑢 − 𝑎)(𝑐 − 𝑢)
) 𝑑𝑢.                            (3.8)  

Proof. Equations (3.6) - (3.8) can be easily obtained by 

taking the transformation 𝑡 = 𝑐𝑜𝑠2 𝜃,  𝑡 =
𝑢

1+𝑢
 and 𝑡 =

𝑢−𝑎

𝑐−𝑎
  in (2.9), respectively. 
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Theorem 3.4. The following integral representations 

holds true: 

 

𝐵𝑝
(𝛼,𝛽;𝛾,𝛿)𝑊 (𝑥, 𝑦) =

𝛤(𝛿)

𝛤(𝛾)
 ∫ 𝑡𝑥−1(1 − 𝑡)𝑦−1

1

0

 

× 𝐻1  3
1  1 [

𝑝

𝑡(1 − 𝑡)
|

(1 − 𝛾, 1)

(0,1), (1 − 𝛽, 𝛼), (1 − 𝛿, 1)
],   (3.9) 

𝐵𝑝
(𝛼,𝛽;𝛾,𝛿)𝑊 (𝑥, 𝑦) =

𝛤(𝛿)

𝛤(𝛾)
 ∫ 𝑡𝑥−1(1 − 𝑡)𝑦−1

1

0

 

× 𝜓21 [
(𝛾, 1)            ;
(𝛿, 1), (𝛽, 𝛼);

−𝑝

𝑡(1 − 𝑡)
] 𝑑𝑡,                       (3.10) 

𝐵𝑝
(𝛼,𝛽;𝛾,𝛿)𝑊 (𝑥, 𝑦) =

𝛤(𝛿)

𝛤(𝛾)
 ∫ 𝑡𝑥−1(1 − 𝑡)𝑦−1

1

0

 

× 𝐺1  3
1  1 [

𝑝

𝑡(1 − 𝑡)
|

1 − 𝛾
0,1 − 𝛽, 1 − 𝛾

] 𝑑𝑡.                   (3.11) 

where 𝐻𝑝  𝑞
𝑚 𝑛(. )denoted the Fox 𝐻-function [7], 

𝜓12 denoted the Fox-Wright function [6] and 𝐺𝑝  𝑞
𝑚 𝑛(. ) 

denoted the Meijer 𝐺-Function [2]. 

Proof.  Applying  the following relations : 

𝑊𝛼,𝛽
𝛾,𝛿(−𝑧) =

𝛤(𝛿)

𝛤(𝛾)
𝐻1  3

1  1 [𝑧|
(1 − 𝛾, 1)

(0,1), (1 − 𝛽, 𝛼), (1 − 𝛿, 1)
], 

𝑊𝛼,𝛽
𝛾,𝛿(𝑧) =

𝛤(𝛿)

𝛤(𝛾)
𝜓21 [

(𝛾, 1)            ;
(𝛿, 1), (𝛽, 𝛼);

𝑧], 

𝑊𝛼,𝛽
𝛾,𝛿(−𝑧) =

𝛤(𝛿)

𝛤(𝛾)
𝐺1  3

1  1 [𝑧|
1 − 𝛾

0,1 − 𝛽, 1 − 𝛾
]. 

in the R.H.S. of equation (1.9) respectively, we get the 

desired results. 

Theorem 3.5. The following integral representations 

holds true: 

 

𝐵𝑝
(𝛼,𝛽;𝛾,𝛿)𝑊 (𝑥, 𝑦) 

=
1

𝐵(𝛾, 𝛿 − 𝛾)
∫ ∫ 𝑢𝛾−1(1 − 𝑢)𝛿−𝛾−1𝑡𝑥−1(1 − 𝑡)𝑦−1

1

0

1

0

 

× 𝑊𝛼,𝛽 (−
𝑝𝑢

𝑡(1 − 𝑡)
) 𝑑𝑢𝑑𝑡.                                   (3.12) 

Proof.  Applying  the following relations: 

𝑊𝛼,𝛽
𝛾,𝛿(𝑧) 

=
𝛤(𝛿)

𝛤(𝛾)𝛤(𝛿 − 𝛾)
∫ 𝑢𝛾−1(1 − 𝑢)𝛿−𝛾−1𝑊𝛼,𝛽(𝑧𝑢)𝑑𝑢.

1

0

 

in the R.H.S. of equation (1.9) , we get the desired results. 
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 مقالة بحثية
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لهذه  الهدف الرئيسي من هذه البحث إلى تقديم تمديد جديد لدوال جاما وبيتا الممددة بدلالة دالة رايت المعممة. كما تم إيجاد عدد من الخواص

 .الجمع وتحويل ميلن غالدوال الممددة مثل التمثيلات التكاملية وصي

 .صيغ مجاميع ،تمثيلات تكاملية ،دالة رايت ،دالة بيتا الممددة :ئيسيةالكلمات الر  

 


