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Abstract

The main aim of this paper is to introduce new extensions of Gegenbauer polynomials of one and two
variables by using the extended Gamma function given by Chaudhry and Zubair [3]. Some properties of
these extended polynomials such as generating functions, integral representations, and Mellin transform are

deduced.
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1. Introduction

In 1994, Chaudhry and Zubair [3] have introduced the
following extension of the Gamma function:

Tap(@) =a” [t Fexp(-at - pt H)dt, (1.1)
0

a+b>0, Re(a) >0, Re(e) >0 .

Clearly, for a=1 (1.1) reduces to the generalized gamma
function I', (@) [3]

Ita‘l exp(—t— pt)dt Re(p) >0,
0

[p(e)= (1.2)
(@) (p=0,Re(a)>0),
where T'(«) is the well-known gamma function
) = jt“-l exp(~t)dt, Re(a) > 0. (13)
0

The generalized Pochhammer symbol is defined by (see

[12])

F(p) (/1+V)
APy =9 1) Re(p) >0,4,veC 14
(//i’)vv p=0,i,veC

where (1), is the familiar Pochhammer symbol defined
by

~ 1 (n=0)
COT()  |AA+)(A+2)...(A+n-])

e’ (1.5)

In terms of the generalized Pochhammer symbol (1.4),
Srivastava et al. [12] introduced the following generalized
hypergeometric function

F, [(al; P): s 2 :X} (205D (3)o- (), X'

= —, (1.6
by b ZO by )y )

when p=0 (1.6) yields the generalized hypergeometric
function Fg() (see, [13])

CYR: W (3 ) e (@7), X"
F = @)n @)y X 17
f {bl,..., bs;x} 2 e w0

In this paper, we introduce and study the extended
Gegenbauer polynomials of one and two variables by

means of the extended Gamma functionFap(a) and
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[p(a). For this aim, we recall that the two variable

Gegenbauer polynomials is defined by the following series
definition and integral representations (see [4]):

b @07y riasn-k)

Co(x,y,a) = .
YA STy AT s ag ke 49
and
Co(x,y,a) = o j t*Lexp (-at)H, (2xt,—yt)dt , (1.9)
"0

where H, (x,y) denotes the two variables Hermit—-Kamp
de Friet polynomials defined by [1]

2] -2k yk

H,(x,y)=nl ) ———— 1.10

A(%Y) kZ_Oj(n_Zk)!k! (1.10)
and specified by the following generating function:

- H (X,
)T D ot 7). (112)
n=
Note that, for a=1 in (1.8), we obtain
2] n-2k k

o 1 & (2x -y)'T'(e¢+n-Kk
C(x,y) = (2x) "7 (=y) " I( ).(1.12)

(o) &2 (n—2K)!k!

Also, for y=a=1 in (1.8), we obtain the classical

Gegenbauer polynomials C7 (x) [9]

) = Z(zx)n (=) T(ar+n-k)
" (@) & (n—2k)!k! '

(1.13)

2. An extended Gegenbauer polynomials of
two variable

In terms of the extended Gamma function given in (1.1),
we introduce a new extension of Gegenbauer polynomials

C1 (x, y;ap)as follows:

H (2)"H (~y)*Tp (@ +n-k)
[(a) 5 (n—2k)! k!

Ch (x,y:ap) = . @2.1)
Clearly, when a=1 then we obtain a new extension of

Gegenbauer polynomials Cf(x,y;p) in terms of the
extended Gamma function given in (1.2) as follows:

H (2%)" (=y)*Tp(a+n-k)

" |
Cn (x.y; p)_r(a)l(g() (n—2k)! k!

(2.2)

Note that, for p=0 in (2.2), we obtain the two variable
Gegenbauer polynomial Cf (x,y) givenin (1.12)

Remark 2.1. Taking y = 1 in (2.1) and (2.2), we get the
following new extensions of Gegenbauer polynomials

Ci(x;ap)and Cf (x; p) as follows:

n
1 M (2" (-D* T (@ +n-k)

CH (xap) = @ IZ%) =2 (2.3)
and

2
CE(xp)= (1 )i @)" Zk(fn 1);)”((?“”_‘() (2.4)

Note that, for p=0 in (2.4), we obtain the classical
Gegenbauer polynomials C7 (x) given in (1.13).

Some properties of the above extended Gegenbauer poly-

nomials of the two variables C7(x,Y;ap)and

C{y (x,y; p) are established in the following Theorems:

Theorem 2.1 For a>0the following integral repress-
entation for the new extended Gegenbauer polynomials

C7 (x,y;ap) holds true:

Cy(x y;ap) =

F( yn! J'tale)@( —at— pt)H, (2axt—ayt)dt (2.5)

Proof. Consider the L.H.S. of equation (2.5) and using
(2.1) and (1.1), we get

i

2 n—2k k a+n—k
1 2X -y)" a

Z( ) T (Y)

Cil(x,y;a
n (% Yia)=roy (n—2K) 1k
o0
x J 12K exy(—at— pt1)dt
Now, interchanging the order of summation and

integration and using (1.10), we obtain
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Cr (x.y;ap) T
v Y . s—1
ICS‘ (x,y;ap)p™dp
a
a 0

" T(a)n! [t ep(-at—pt™) t" Hy (2ax-ay/t)dt
"0

Finally, by using the following relation (see, [5]):
thn(X1 y): Hn(Xtv ytz) )
we obtain the desired result.

Remark 2.2. Replacing x and y by % and % in (2.5),

we have the following result:

Ch(x/a,yla;ap)

r( )n! f t*exp (—at— pt )Hy (2xt-yt)dt . (2.6)

Remark 2.3. Taking a=1,y=1and y=a=1 in (2.5),
we get respectively the following results:

Corollary 2.1. The following integral representations of
Cr(xY;p),CZ(x;ap) and C/ (x; p) holds true:

Cr(xy; p)—ﬁj‘t“‘lexp(t ptH)H, (2xt,-yt)dt , (2.7)

Cy (x;ap)
a” It‘”exp( at— pt™)H, (2axt—at)dt (2.8)
F( )n!
and
Co(X p)=——o jt“—lexp( —t— ptHH, (2xt-t)dt . (2.9)

r()'

Theorem 2.2, The following Mellin transform
representation of the new extended Gegenbauer

polynomials C (X, y;ap) holds true:

[ i xy;apypsdp
0

MC“"’S (ax,ay,a)

2.10
@) (2.10)

Proof. Multiplying both sides of equation (2.1) by ps’1

and integrating with respect to p between the limits 0 to oo,
we get

o0

a” a-1
" T(a)n! .[ 1% " exp (-at)H, (2axt,-ayt)
"o

o]

x jexp (—pt™)pSLdpdt
0

Using the following relation [7]:

[ep Cpthptdp=r(e)t°, (2.12)

0

in the R.H.S. of the above equation, we get

[exxyapp=idp
0

a’T(S) [,ars-
F(a)(n)l t*** L exp (-at)H, (2axt -ayt)dt

which on using (1.9), we obtain the desired result.

Remark 2.4. Taking a=1, y=1 and y=a=1
respectively in (2.10), we get the following results:

Corollary 2.2. The following Mellin transform
representations of C7 (X, Y; p),Cy (x;ap) and C; (X; p)
holds true:

[erympiap=tEE s yy - 212)
0 I'(a)

ICr‘f’(x;ap)ps‘ldp MC“’“s (ax,a,a) (2.13)
0

()
and
ICﬁ (x; p)p*dp= MC,‘FS (x). (2.14)
5 ')

Theorem 2.3. The following recurrence relation for the
new extended Gegenbauer polynomials C; (X, y; p) holds
true:

(n+DCLa (X Y p)

=20xC ™ (X, Y; P) - 20yCL (X, y; p)  (2.15)
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Proof. Consider the following recurrence relation (see,

[2]):
Hn+1(xv y) = XHn (X’ y) + 2nyHn—1 (X! y) (2.16)
Replacing X by 2xt and y by —yt in(2.16), multiplying

both sides by t* L exp(~t—pt™) and integrating

1
I'(a)n!
the resultant equation with respect to t between the limits
0 to oo, we get

0

t*Lexp(—t — pt)H,,,, (2xt—yt)dt
I'(a)n! -([

X fa R )
_1"(oz)n!J‘t exp(-t— pt=)H, (2xt,—yt)dt
" T(e)n lj exp(—t — pt")H, 4 (2xt,-yt)dt,

which by using (2.7) we obtain the desired result.

Remark 2.5. Taking Y =1 in (2.15), we get the following
result:

Corollary 2.3. The following recurrence relation for
C7 (x; p) holds true:

(n+DCiia (% p) = 2axCy™ (% p) ~ 22 CR (% p) . (2.17)

Theorem 2.4. The following series representation for the
new extended Gegenbauer polynomial C5,(X,Y; p) and

CZ (%, y; p) holds true:

Con(xyip)= %

no ko k s

e UL
and
CE(x,Y;p) = kir(ar(k))ilp) Co*(x,y). 2.19)
Proof of (2.18). Consider the following result [2]:
Hop(xy) =20 (0?3 LG nF (2.20)

(k12 (n—k)12"

Replacing X by 2xt and y by —yt, in (2.20), multiplying

both sides by t**exp(~t— pt™) and integrating with
respect to t between the limits 0 to oo, we get

It“‘l exp(—t — pt™)H,, (2xt,—yt)dt
= J.t“‘l exp(-t—pt™) 2" (n1)?
0

% m [Hi@xt—ypJdt

k=0

Next, using the following result [2]

> (=D)°Hyps(x,Y)
[Hk(x Y)] =(= ZY) (k1 ZW (2.21)

and interchanging the order of summation and integration,
we obtain

It“‘l exp(—t — pt™)H,, (2xt,—yt)dt

n k k S
__~Nn 2 y (_l)
=2 ZZ(n—k)!(k—s)!(s!)22s

k=0 s=0

x_[t‘“"*l exp(—t— pt™)H,, (2xt,—yt) dt
0

Finally, on using (2.7) we obtain the desired result.

Proof of (2.19). From (2.7) we have
© K
TRV Gl V)
Ch (%Y, p)_éT

1
F(a)n'
which on using (1.9) ylelds (2.19).

j t**Lexp (-t)H, (2xt,—yt)dt ,

Remark 2.6. Taking ¥ =1 in (2.18) and (2.19), we get the
following results:

Corollary 2.4. The following series representation for
C3,(x; p) and C (x; p) holds true:

2" (nn)?

@2 (e)

Z i Y (-D)° [(a+K) (25)!
= S (-K)!Kk-s)!(sH?2°

Con(xp)=

Ca(xp) (2.22)

and

o) . kK
cip)= 3 HEOCR). garky.

= T(a)k! (2.23)
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3. Generating functions

In this section, we deduce some generating functions for
the new extended Gegenbauer polynomials C (x, y; p) in
the form of the following theorems :

Theorem 3.1. The following generating function for the
new extended Gegenbauer polynomials C; (X, y; p) holds
true:

D Crxy;pu”

n=0
_ (l-2xu+yu?)™
B ()

(1-2xu+yu?)p (@) (1)

where Re(1- 2xu+u2) >0.

Proof. Using (2.7) in the L.H.S. of equation (3.1) and
interchanging the order of summation and integration, we
get

D cHxypu"

n=0

It“‘lem( t—pt‘l)ZH (2xt, yt)—dt

n=0

r()

Now, using (1.11), we obtain

D cExy:pu”

n=0

1 It"“l exp[-t(L—2xu+yu?) - pt1]dt ,
M@ 3

which, by using (1.1), immediately yields the desired
result.

Remark 3.1. Taking ¥ =1 in (3.1), we get the following
result:

Corollary 3.1. The following generating function for
C/ (x; p) holds true:

(- 2xu+u?)™

@) (32)

ZC“(X pu” =

(1-2xu+u?)p ().

Theorem 3.2. The following generating function for the
new extended Gegenbauer polynomials C (X, y; p) holds
true:

vk AT
kzc;nz(;(n+k)'cn+k (x; p) k—=m

where A =1—2xu+ yu? —2xv+2yuv+ yv2.

Typ(@), (33)

Proof. Using (2.7) in the L.H.S. of equation (3.3) and
interchanging the order of summation and integration, we
get

0 oo k

> D+ KICE ey p)

k=0 n=0

L [t Ho 2y g
i jt m(4- )Y Hy @) S Lt

k=0 n=0

Using the following generating function [4]

ZHM(X y>—=exp(xu+yu2)H (x+2yuy), (3.4)
n=0

we obtain
o o k
D> (+RICK (X y; P )—,W
k=0 n=0
= t* L exp(—t +2xtu—ytu? — pt*
" j 0 ytu? - pt )

ZHK(ZXt 2ytu, yt)—dt .
k=0

Now, on using (1.11), we obtain

k
ZZ(mk)'cM(x y; p)—,ﬁ

k=0 n=0

= —jt“‘l exp[—t(L-2xu+ yu? —2xv+ 2yuv+ W) - pt 1) dt
I'(a) :

which, by using (1.1), immediately yields the desired
result.

Remark 3.2. Taking ¥ =1 in (3.3), we get the following
result:

Corollary 3.2. The following generating function for
C7 (x; p) holds true:

ZZ (n+K)IC (% p)_lﬁ
k=0 n=0

3 (1—2xXu+U? —2xv+2uv+v2)™@
I'(2)

x 1—‘(1—2xu+u2—2xv+2uv+v2) p (@) (3.5)
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Theorem 3.3. The following generating function for the

new extended Gegenbauer polynomials Cg (X,Y;ap)
holds true:

n

S+, Cla(x/ay/aiap) —
n=0 :
(a—2xu+ yu?)“
i
a-2xu+yu? a—2xu+yu

Proof. In (3.4) replacing X by 2xt and y by -yt,

1 a-1 -1
t —at—pt
o)kl exp(-at—pt™)

and integrating the resultant equation with respect to t
between the limits 0 to oo, we get

: ;(a—2xu+yu2)pj (3.6)

multiplying both sides by

(n+k)! a- 1
Z e F(a)(n+k)l.[t expEat— pt™) Hy,c(2xt, yt)—dt

_ (a-2xu+yu?)”
(@a—2xu+yu?)*T'(a)k!

x It“‘lem[‘ (a=2xu-+ yu')t - pt | Hy (2x— yu)t,-ytydt,
0

which by using (2.6), we obtain the desired result.

Remark 3.3. Taking a=1 and Yy =a =1respectively in
(3.6), we get the following results:

Corollary 3.3. The following generating functions for
C/(x,y;p)and Cg (x; p) hold true:

Z<1+k> Cila (% yiP)

=(1-2xu+yu?)™@

X—yu y . 2
C¢ , ;(1-2xu+yu 3.7
k[1—2xu+yu2 1—2xu+yu2( Y )p] G
and

Z(1+ K Ci (6 )

=(@1-2xu+u?)™

X—u 1 2
& , ((1-2xu+u } 3.8
k(1—2xu+u2 1-2xu+u? ( )pj (38)

Theorem 3.4. The following generating function for the

new extended Gegenbauer polynomials C7 (X, y; p) holds
true:

i ((d)nCr (x, y; Pt

=5 ((d)) (@), (2x0)"
(o), =2,

((@))nnt

(e+n;p),(3(d+n), (3(d+n+D);

G+ Gensyy ;0 | G

X 2D+1FZG|:

A
where (a)n =)y @a)a =] [ @))n .
j=1

Proof. Consider the L.H.S. of equation (3.9) and using
(1.4), we get

& () (dp)aCE (% i T
2 g, ao),

i% (d)n-~(dD)n ()" 2 ()" (@ Pk t"

n=0k=0 (9)n-(9g)n(n—2K)'k!
ZZ () ek (@) meac (2X)" (=9)* (@ P) s 1™
=0 k=0 (91)ns2k (96 ) nsak N k!

Now using the following results [10] and [13]:

(@ P)nsk = (@) (@+1;p) ,nkeNg ,
(@)= 2" (), Ba+) .

we get

> (dp) - (dp)n Co (% y; "
Z (91)n - (96)n

N (d)p - (dp)n (@) (2x)"
_g (91)5 -+ (gg)nn!

(& + )L (dy +n+ D)
C @+ MG (@ +n+D)y-

M8

X

k

Il
o

y (3 (dp +M)k G [dp +n+D)y (@+n; p)i (-yt2)¥
(3 (96 +Mk (G (9 +Nn+D) k!
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which on using the definition (1.6), we obtain the desert
result.

Remark 3.4. Taking Y =1 in (3.9), we get the following
result:

Corollary 3.4. The following generating function for
CY (x; p) holds true:

- ((d).C.(x Pt _ 5 ((d)), (). (2xt)
2 ((9)). -2 ((9)).n!

(a+mp),(3(d+n),G(d+n+1);

2| (.
Gy | O

X 2p41F26

Theorem 3.5. The following generating functions for the

new extended Gegenbauer polynomials C5 (x, y; p) holds
true:

& (@)nCi (%, y: "
Z; (@)n

_ i ((d))n (e P)n(2x)" 0P {— n,(d+n); yt

} (3.11)
= (90! (g+n) ;2x

Proof. Consider the L.H.S. of equation (3.11) and using
(1.4), we get

i(dl)n ~-(dp)nCi (%, y; P
= (90)n--+(96)n

= 3] n-2k ;K n
NN @)n e [@p)n @)=Y (@ Pk t
Z(;kz_(; (91)n (9 )n(n—2k)!k!

_ iZ (00 nek () (20" (-yt9)* (e P

n=0k=0 (gl)n+k "'(gG)n+k (n_k)! k!

_ <& (dy)n -+ (dp)n (24)" (@ p)y
% (90)n - (9g)n N!

Z () (dy + )y (dp + ) (ﬂjk
k=0 (91 +n)k (g +N)i k! (2%

Finally using the definition (1.7), we obtain the desert
result.

Remark 3.5. Taking y =1 in (3.11), we get the following
result:

Corollary 3.5. The following generating function for
C{ (x; p) holds true:

i (@)nCh (x p)t"
-0

(9n
:i((d))n(a; P)n(2xt)" F {—n,(dm);L} (3.12)
rr ()T T (@0 s2x

Some special cases of the results (3.9) and (3.11) are as
follows:

(i) Setting D=0,G =1, g; =1 in (3.9), we get
0 1:n
Y cEx YD
n!
=0
(@+n;p) ;

— X (a)n(ZXt)n )
_QW“:{%(HH),%(WQ);‘W .(313)

(ii) Setting D=G=1d; =1, gy = & in (3.9), we get

o (DnCr (%, y; p)t"
2,

(,U)n
< (Anla)a2xt)"
- 20 (t)nn!

(a+n; p),%(ﬂ+n),%(/l+n+1);_

2
yt< |, (3.14)
2(u+n)2(u+n+y)

x 3k

which for y=2x-1, g=«a, p=0 reduces to a known
result of Pathan and Khan [8]

S (A)pSEM" & (A)p(2xt)"
Z() (x) :Z()r(ﬂX)

o (@n n=0

—(@2x-Dt? |, (3.15)

a+n,%(2+n),%(2+n+1);
X
T L duen+y

where S (x)is the set of polynomials considered by
Sinha [11].

(iii) Setting D=G =0 in (3.11), we get
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ZCS‘ xV; p)t”=1Fo{( _p) 2xt—yt } (3.16)
n=0

which is another form of the generating function (3.1).

(iv) Setting D=G=1d;=4, gy=x in (3.11) and
using the definition of the familiar Lgrange polynomials
g{*A (x,y) [6]

@B (x eobr| P Y
an (X ¥)=2 Fl[l—a—n; x} (3.17)
we get
i(z)ncr‘i‘(x. y; p)t"
()n
Z(/l) NCAON (2xt)n e (1-p—2n, /“”)(yt 2x) , (3.18)

3 (n(—p—-2n),
WhICh is another form of the generating function (3.14).

(v) Setting D=0,G =1, g; = in (3.11) and using the
definition of the Shively’s pseudo Laguerre polynomials

Rn(a,x) [9]
R, (a,X)= (l()z)”n F[a_+nnéx] (3.19)
we get

icfi‘(x, ypt"

S (@5 P)n (2Xt) ytj

(48)2n
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