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Abstract

The main object of this paper is to introduce a new extension of Hurwitz-Lerch Zeta function by using the
extended Beta function given in [1]. Some recurrence relations, generating functions and integral
representations are derived for that new extension.
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1. Introduction

Very recently, Al-Gonah and Mohammed [1], introduced
the extended Beta function and studied some properties of
that function. The extended Beta function is defined by
[1,p.259(2.2)]:

B, (x,)

1
—-p
— x-1 y-1p7t
= fo t* (1 - )Y e, (—t(l t)> dt,

(1.1)
(Re(p) = 0,Re(p) > 0,Re(g) > 0,Re(t) > 0,Re(x)
> 0,Re(y) > 0),

whereE] ;(z)denotes the generalized Mittag-Leffler
function defined by [12,p.7(1.3)] see also [13]:
(@ 2"

i T(pn + o) n!’ (1.2)

Epo(2) =

(z,p,0,7 € C;Re(p) > 0,Re(c) > 0,Re(t) > 0).
It is clear that
[(0)E{s(2) = 1Fi(z;0;2), (1.3a)

El,(z) = e% (1.3b)

Note that, by using relations (1.3a) and (1.3b), we get the
following special cases:

(1,0,7) _ (t,0)
B, (x,y)——r(a) B,""(x,y), (1.4a)
B (x,y) = B (x,y;p), (1.4b)

Where BIST“’)(x, y) and B (x,y;p) denote the extended
Beta functions defined [9,p.4602(2)] and [4,p.20(1.7)] by

BY? (x,y)

= foltx_l 1-1

(Re(p) = 0; Re(p) > 0,Re(d) > 0,Re(x) > 0,
Re(y) > 0),

y—-1

1F (p: o; %) dt, (1.5

B (x,y;p)

= J;ltx‘l 1- t)y‘lexp< P )dt, (1.6)

t(1—-1t)

(Re(p) = 0,Re(x) > 0,Re(y) > 0),
respectively.
The extended Beta function given in equation (1.1) is used

in [2] to define a new form of the extended Gauss
hypergeometric function as:
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(poT) . .
E, (a,b;c;2) O ,uv (Zsap)
ad (p,o,T) 0
B b+n,c—b)z" 1 1 .- _

= Z(a)n y  ( )—, (1.7) =—=| t7l e E,( wv;ze™") dt, (1.12)

: B(b,c — b) n! I'(s)Jo
n=

(Re(p) = 0,|z] < 1;Re(c) > Re(b) > 0,
Re(p) > 0 Re(o) > 0,Re(t) > 0).

Note that

EXP(a, b c;2) = @Fp&'”) (a,b;c;2), (1.8a)
Fp(l’l’l)(a,b; c;z) = F, (a,b;c;2), (1.8b)
FO(P,l.T)(a' b, c; Z) — ZFl(a’ b' C; Z), (18C)

Where Fp(”’)(a,b;c; z) and F, (a,b;c;z) denoted the
extended forms of hypergeometric functions given in
[9,p.4606] and [5,p.591(2.2)] respectively.

Various forms of generalizations of the Hurwitz-Lerch Zeta
function® (z,s,a) given in [14, p.121]) have been
considered by many authors, see [3,6-8,10,11]. Some
interesting forms of generalized Hurwitz-Lerch Zeta
functions are defined in [8,p.100] and [7, p. 313] as:

N Wn 2"
®;, (z,5,ap) = BRI (1.9)
n=0
(u € C;a €eC\Zy;s € Cwhen |z| < 1,Re(s — )
> 1 when |z| = 1),
and
o (A z"
O (s ap) =y 2 (1.10)

i W)pn! (n+ a)s’

(A u€eCv,aeC\Zy;s € Cwhen|z]| <1,
Re(s+v—A—u) > 1when|z| = 1),

respectively.

Recently, several forms of extended Beta functions are
used to investigate and introduce new forms of extended
Zeta function given in equation (1.10). Parmar and Raina
[11] used the extended Beta function B (x,y;p) to
introduce the following extension of generalized Hurwitz-
Lerch Zeta function:

q)/l,ﬂ;v (Z' S, a; p)

=m(/1)nB(u+n,v—u;p) Vi
n!  Buv-p M+a)

n=0

(1.11)

(p=0;LueC;v,a € C\Zy;s € Cwhen
|z]| < 1;Re(s+v—A1—pu) >1when|z| = 1),

with the integral representation [11,p.120(3.1)]:

(Re(p) = 0;p = 0,Re(a) > 0; Re(s) > 0 when|z|
<1(z # 1); Re(s) > 1 whenz = 1).

Very recently, Parmar et al. [10] used the extended Beta
functionBép ) (x,y) to introduce the following extension
of generalized Hurwitz-Lerch Zeta function:

(p,0)
% (zs,ap)

N Dn Bty - 2
Lol Buv—-pw  (n+a)

n=0

(1.13)

(p =0,Re(p) >0,Re(c) > 0; L, u € C;v,a € C\Zg;
s € Cwhen |z]| < 1;Re(s+v—A1—pu) > 1when |z| = 1),

with the integral representation [10,p.180(3.1)]:

o fv) (z,5,a;p)

1 [oe]
= -1 ,—at (p,0) -
- fo 57 e EPD (A, vz ) de,  (1.14)

(Re(p) = 0,Re(p) > 0,Re(0) > 0;p =0,Re(a) >0
;Re(s) > 0when |z| <1 (z # 1); Re(s) > 1 when z = 1).

Motivated by various recent interesting extensions of the
Hurwitz-Lerch Zeta function, we introduce a new form of
extended Hurwitz-Lerch Zeta function and investigate its
properties.

2. A new extended Hurwitz-Lerch Zeta
function

In this section, we use the extended Beta
functionB,S""”) (x,y) defined by equation (1.1) to propose
a new extended Hurwitz-Lerch Zeta function as follows:

q’,({’,ff) (z,5,a;p)

_ o W B+ nv—p) 2
n! B(u,v—p) (n+a)s’

2.1)

n=0

(Re(p) = 0,Re(p) > 0,Re(0) > 0,Re(t) > 0; L, ueC
;v,a € C\Zy;s € Cwhen |z| < 1;Re(s +v —A1—p)
> 1 when |z| = 1).

We observe that

q)ill'll.;/l) (Z’ S, a; 0) = CDA,[,L;V (Z, S, a)r (22a)
oD (z,5,a;p) = LCD(T'”) (z,s,a;p) (2.2b)
Auv S, a4, p) = F(O‘) Ay S, a;p), .
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q’;,l,ll;bl) @5 @p) =P 4. (25 GP), (2.20) Some pro(pertl)es of the extended Hurwitz-Lerch Zeta
function®;”""" (2,5, a; p)are established in the form of
Qg’ll;'l;,ll) @s,ap) =, (z5ap), (2.2d) the following theorems:
L Theorem 2.1.For the extended Hurwitz-Lerch Zeta
(1,0,7) ) _ *(1,0) . . 3
O (Zs,ap) = (o) by (z,s,a;p),  (2.2e) funct|on<1>)({;’t‘;’f) (z,s,a;p), we have the following
recurrence relation:
where (DA#FV (Z; S, Cl), q)/(l‘;fz (Z' S, a; p) and
_ _ v oI —  oPID (g
® ;uv (25 a;p)aredefined by equations (1.10), (1.12) L Aut+tv+r L2

and (1.11)
CDL(T"’) (z,s,a;p) are defined in [11] and [10] as:

respectively,®;, (z,s,a;p) and

o, (zsap)
n

(2.3)

_i Blu+nl-—wp) =z
a Bwl—-—pw) (m+a)®

n=0

(p=20;ueCa€C\Zy;s € Cwhen |z| <1,Re(s — 1)
> 1 when|z| = 1),

(D;(T’U) (z,5,a;p)

(2.4)

_ i DB (w+n1—p) 2
Lol Buwl-p (+a)
n=0
(p =0,Re(t) >0,Re(0) > 0;u € C;a € C\Zg;
s € Cwhen |z] < 1,Re(s — u) > 1 when|z| = 1),

respectively.

Remark2.1.The extended Hurwitz-Lerch

functiond)fliff) (z,s,a;p) defined by equation (2.1) is

seen to satisfy the following limit case:

—00

q);gﬁ,a,r) (z,s,a;p) = I/%Iim {(D/({’l;‘;‘;;f) (;, s, a; p)} )

(po,T)
_ Z B7" (u+mn,v —p) z" 2.5)
B(u,v—p) n!(n+a)s’

n=0

(Re(p) = 0,Re(p) > 0,Re(0) > 0,Re(t) > 0;
U EGCv,a€C\Zy;s € Cwhen |z| < 1;
Re(s +v —u) > 1 when|z| = 1).

Note that

1
0,577 (z,5,4;p) = — 7

o) 2w (z,s,a;p), (2.6)

Where CD;(T'“) (z,s,a; p) is defined by equation (2.4).

+ - ) O

ALu;v+1 (2'7)

(z,s,a;p),
(Re(p) = 0,Re(v) > Re(u) > 0).
Proof. Using the following known relation [1,p.259(2.5)]:

BV (y) = BV (e +1,9)

+ B (x,y + 1), (2.8)

in definition (2.1), we get

[oe]
n

(Z, S, a; p) = Z (/‘l)n Z—

(p,0,7)
d
n! (n+a)s

Auv

n=0

B P +n+1,v— 1)+ B (+nv—p+1)
Buwv—w

_Blp+1v—p
B(u,v—p)

o W BY P ut+n+Lv—p) 2

4 n! Blu+1,v—p n+a)s
n=
Bw,v—pu+1)

B(u,v—u

- 1), BLoD (y + nv—u+1 z"
Xz()n 27 (u p+1) 29

— n! Bluv—u+1) (n+a)
which on using the relation [15]:

_T)r) _

B(x,y) = T +y) (x,y € C\Zy), (2.10)

and then using definition (2.1) gives the desired result.
Remark 2.2.Using the following relations [1]:

(1 +pt =B, (x,3)

=p 1B, V(@,y) - BT (), (211)
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B(p.a,r) x—1v—1 (p,o,1) .
P D ( Yy ) cD/L[,L;v (Z, S, a; p)
_ plpo—-pr-1) (p,o—p,T) >
- Bp (X, Y) - Bp (-xr }’)' (212) _ (.u')k cD(p,o‘,‘t’) .
=W -pw Ol At kv 1 (z,s,a;p), (2.18)
) k+1

and proceeding on the same lines of proof of Theorem 2.1,
we get some recurrence relations in the form of the
following theorem:

Theorem 2.2.For the extended Hurwitz-

LerchZetafunctiond)f{’;ff) (z,s,a;p), we have the

following recurrence relations:

1+ pt—)OLTY (z,5,a;p)

(p,o,T+1
= pTCIDfu':’vT ) (2,5, a; p)

_ cb(p.tr—l.r)

Au;v (Z: S,a; p). (213)

(Re(p) = 0,Re(v) > Re(n) > 0,Re(p) > 0,Re(7)
> 0,Re(0) > 1),

pv(v+ 1) OYID (z,5,a;p)

== (Ol Gsap)

_ q)(p.cr—p,r)

Au+1v+2 (zs a; P)}. (2.14)

(Re(p) = 0,Re(v) > Re(u) > 0,Re(c) > Re(p) > 0,Re(7)

> 1).

Remark 2.3. Using the following relations [1,p.260]:

[oe]

B0y = Y BPTD (4 my + 1),

n=0

(2.15)

B (x,1-y) = E A3 BY7P(x +n,1), (2.16)
n!
n=0

B, (x,y) = Thoo()By 77 (x +m,y + k=),

(2.17)
and proceeding on the same lines of proof of Theorem 2.1,
we get some summation relations in the form of the
following theorem:

Theorem 2.3.For the extended Hurwitz-Lerch Zeta

function @7

Asv  (Zs,a;p), we have the following

summation relations:

L7 (z,5,a;p)

Zoo u=—v+1Bu+k1)

= CD P,U,T) (Z s ap)
| — Au+k;u+k+1 2 P,

& k!'B(u,v —pu)

(2.19)

L7 (z,5,a;p)

-
™Bu+kv—pu—k+1) (o0
= Z (k) B(# v — 'u) (D/lﬁti;;wmr (Z' S, 4; p)'

k=0

(2.20)

Theorem 2.4.For the extended Hurwitz-Lerch Zeta

function ®?

Auy  (Zs,a;p), the following derivative

formula holds true:

d* (oo
,0,T
dz¥ { /{.),u;v (zs,a P)}

— (A)k(u)k q)(p_g'_‘[)

() Atkutkvt (z,s,a+k;p).

(2.21)

Proof.From definition (2.1) and using the following
relation [15]:

n!

__on — n—-k

I z CE) z"r, (k € Ny), (2.22)
we fined
dk o,T
@{CD,({_) 70 (z,5,a; p)}
_ Wy BLPw+nv—p) znk 2.23)
L G- Brv-w  (+a
Replacingnby n + k,we obtain
dk
@{q)fﬁ?f) (z5s,0; P)}
~ i D B @+ + kv — )

—~ (! B(u,v—p)
n=0
—Zn 2.24
X(n+k+a)5’ (224)
which on using the following relations [15]:
(©r
B(b,c —b) =——B(b +k,c—b), (2.25)
(b)k

(a)m+n = (a)m(a + m)n, (2.26)
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and then in view of definition (2.1), we get the desired
result.

Theorem 2.5.For the extended Hurwitz-Lerch Zeta

function d)/({’;";’) (z,s,a;p), the following derivative

formula holds true:

d* (oo
,0,T
dpk { )f#:v zs.a p)}

@k v — Wy (p,0+pk,T+k)

T A= eV 5y Aukv-2k (2.27)

(z,s,a;p).

Proof. From definition (2.1) and using relations (1.1) and
(1.2), we have

d* (oo
d—pk{@fﬁr (Z.S.a:p)}

— 1 N (A)n ! +n-1 v-u-1
_B(u,v—u)nzzo {"! fot# (-0

=D"(®), pk z"
% Z‘J Tor + ) r—k)! (-0 (n+ )

Replacingrby r + k in equation (2.28) and then using
relations (1.2) and (1.1), we obtain

a* (oo
,0,T
" {be o (zs,a p)}

_ D @B — kv —p— k)
B(u,v—u)

(D), Blgp'ﬁpk'Hk)B(u —k+nv—u—k)
n! B(u—k,v—u—k)

n=0

Zn

X—
n+a)s’

which on using definition (2.1) and after
simplification yields the desired result.

(2.29)

some

3. Generating relations

In this section, some generating functions for the extended

Hurwitz-Lerch Zeta function Cbgﬁff) (z,s,a;p) are
established in the form of the following theorems:

Theorem 3.1. For the extended Hurwitz-Lerch Zeta

(p,o,T)
Auv

function holds true:

function @ (z,s,a;p), the following generating

tn

(p,0,7) c)
> 008 @sap
n=0

}dt. (2.28)

= (1 —t) 2D ( (3.1)

A,[,L;V ) S; a; p) I

1—t
(Re(p) 2 0,1€C,|t] <1).

Proof. Denoting the L.H.S. of equation (3.1) byA then
applying definition (2.1), we get

ad ® (p,o,0)
B, B(u+k,v—
A= Zmn[Z(A by, Pty 2 i)
n=0 k=0

B(u,v—p)

zk t"
k¥ a)s}ﬂ' 3.2)
which on using relation (2.26), we obtain
A = ) BISP’G’T)B(M +k,v—p) zk
‘;( i B(u,v— ) k! (k + a)$
o A+ k),
n=0
Using the following binomial series expansion [15]:
e N @n
1-0 =Z Tt (3.4)
n=0

for evaluating the inner sum in equation (3.3), we get the
desired result.

Theorem 3.2. For the extended Hurwitz-Lerch Zeta

function d)f{’!ff) (z,s,a;p), the following generating

function holds true:
tn

[ee]
(p,o,7) i)
Z(s)nCDM;V (z,s +n,a;p) -
n=0

— q)(p.a.r)

A (z,s,a—t;p), (3.5)

(Re(p) 20,2 € C|t] <lal;s # 1).

Proof. Using definition (2.1) in the R.H.S. of equation
(3.5), we get

P77 (2,5,a— t;p)

_ i Wi B P w+kyv—p) 2

e k! B(u,v—pu) (k+a-1t)s

B kv =) 2 £\

‘;T B(wv—p) (k+a)s( _(k+a)>
(3.6)

Using relation (3.4), we obtain
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D #GVT) (z,5,a — t;p)

[ee]

Z Wi BE7 P (w+ kv —p)  z*
B(u,v—w (k +a)*

k=0

{;( "nl(k + a)"}

ffwn“’@n$“”m+kv—m
n=0 ! B(#'V_,u)

X

k=0

Zk
X m} t", (37)

which on using definition (2.1), yields the L.H.S. of (3.5).
This completes the proof of (3.5).

Theorem 3.3.For the extended Hurwitz-Lerch Zeta
function CD(p‘”) (z,s,a; p), the following generating

function holds true:

Z ®%eD (5 s a'p)ﬁ
—-n,u;v o, W, n!
n=0
= etCD;Ef,’"”T) (—zt,s,a;p), (3.8)
(Re(p) = 0,Re(v) > Re(u) > 0; Re(p), Re(o), Re(t) > 0).

Proof. Using relation (2.5) in the R.H.S. of equation (3.8),
we get

etCD;(;ﬁ’U’T) (—zt,s,a;p)

[o o Bee]

=20

n=0 k=

(p,o,7)
B, (n+kv—w)
B(u,v—p)

(_1)1( tn+k
k'(k+a)s n

-(39)

o

Replacingnby n — k in the R.H.S. of equation (3.9), we
get

“(p,0,7)
e!®, 07" (—zt,s,a;p)

_ i i BIEP,O',T)(# +k,v— 'u) (—1)ktn2k (3 10)
N B(u,v—pw(n—k)! k! (k+ a)s '
n=0k=0
Using the following relation [15]:
(=1)kn!
n—-K'= , (0<n<k), (3.11)
(=)

in equation (3.10), we obtain

etCD;(;f‘a‘T) (—zt,s,a;p)

B i i (e B+ kv —p)  z¢ )
B k! B(u,v — ) (k +a)s|\nl

(3.12)
which on using definition (2.1) yields the desired result.

4. Integral representations

In this section, some integral representations for the

extended Hurwitz-Lerch Zeta function
CD/(fu"vT) (z,s,a;p)are established in the form of the

following theorems:

Theorem 4.1. For the extended Hurwitz-Lerch Zeta

function CDI(LPA‘L‘;’;T) (z,s,a;p), the following integral
representation holds true:
®PID (55 a:p)
A,LLV 1<) lp
= ﬁf 51 e‘apr(p'U'T)(/l,/,t; v; ze™t) dt, (4.1)
0

(Re(p) = 0,Re(p) > 0,Re(c) > 0,Re(t) > 0;p =0,
Re(a) > 0; Re(s) > Owhen|z| <1 (z # 1);
Re(s) > 1whenz = 1).

Proof. Using the Eulerian integral [15,p.218(3)]:

1 _ 1 Joots_le_(n+a)t dt,
m+a) T(s))y

(min  {Re(s),Re(a)} > 0;n € Ny), 4.2)
in definition (2.1) and interchanging the order of
summation and integration which may be valid under the
conditions stated in Theorem 4.1, we get

sl —at

P70 (z,5,a;p) = o) j

B (u+n,v — ) (ze™H)"
<;(A)n B(wv—p) nl )dt' (4.3)

which on using definition (1.7) gives the desired result.

Theorem 4.2. For the extended Hurwitz-Lerch Zeta

function q’/(fjf) (z,s,a;p), the following integral
representation holds true:
1

(p,o,7) _
CD ] ; -

b Gsen =gom—s | ara

1 Zu
T _ _ _ (0

X Ep,a< 2p p<u +u)) d)l (1 n u,S, a) du, 4.4
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(Re(p) = 0,Re(p) > 0,Re(o) > 0,Re(T) > 0;
p = 0,Re(v) > Re(u) > 0),

1
[(s) B(u,v—p)

) oots—le—at uu—l 1
X P e ¥ i (—2m- ( —)
fo fo 1+uwyv p"’( p pu+u>

w17 _Adtd (4.5)
1+u w '

P77 (z,5,a;p) =

(Re(p) = 0,Re(p) > 0,Re(0) > 0,Re(t) > 0;
p = 0,Re(v) > Re(u) > 0, min{Re(s), Re(a)} > 0).
Proof. Puttingx = u + nand y = v — puin the following

integral representation of the extended Beta function
[1,p.262(3.9)]:

oo x-1

(p.o,7)

B = -_—
1
X Ej (—Zp —p (u + ﬂ)) du, (4.6)
we obtain
oo u+n-—1

(p,0.) _ u

B, (M+n,v—ﬂ)—_[) T+
1
X Ej o (—Zp -p (u + Z)) du, 4.7)
which on using it in definition (2.1) yields
1

(p.o,7)
d p) =

S L TR

© (A)n [ u/,t+n—1 1

: (ol

Z nl J, (A+uwyvtn e pop{uty

n=0

g 48
X —————du. .
n+a)s u (4.8)

Interchanging the order of summation and integration in
equation (4.8), which is verified under the given
conditions here, we get

1
(p,o,T) _
Q ) ) ; - =7
RS L TR
o) uu—l 1
x| L pr (—2p— ( —)
fo 1 +uw)v p'”( p—p u+u)
[oe] n
WD (Fu
X —=—du. 49
Z n! (n+a)s u (4.9

Using definition (1.9) in the R.H.S. of equation (4.9), we
get the desired result (4.4).

Also, using the following integral representation [8]:

-1,—at

o ( _ ! foo T
u Z,S,a;p)—r(s) o (1—Z€_t)u ) .

(Re(a) > 0,Re(s) > 0when|z| <1(z # 1);
Re(s) > 1when z = 1),

in the R.H.S. of equation (4.4), we get the desired result
(4.5) and thus the proof of Theorem 4.2 is completed.

Theorem 4.3. For the extended Hurwitz-Lerch Zeta

function d)/(lf’lff) (z,s,a;p), the following integral

representation holds true:

o ff) (z,5,a;p)

1 j ® “(p,00)
=—— | tFlte td; 7 (zt,s,a;p)dt, (4.11)
I Jo

Auv

(Re(p) = 0,Re(p) > 0,Re(d) > 0,Re(t) >0;p =0,
Re(A) > 0,Re(a) > 0; Re(s) > O0when|z| <1
(z #1);Re(s) >1whenz=1).

Proof. Applying the following integral representation of
the Pochhammer symbol(2),:

1 ” +n-1 ,—
(A)n:mjo t? e tdt, (4.12)

in definition (2.1) and inverting the order of summation
and integration which may be permissible under the
conditions stated Theorem 4.3, we get

1 oo
q);if.:;‘[) (Z! S, a,; p) = mjo tl—l e_t

® (po,T)
« Z B, (u+nv—p)  (zt)"

B(u,v—p) n! (n+ a)s dt, (4.13)

n=0
which on using equation (2.5) gives the desired result.

Theorem 4.4. For the extended Hurwitz-Lerch Zeta
functiond®®® (z,s, a; p), we have:

Aupv
QLD (z,5,a;p) = ——
sy pT(o—p)
L 50 AN
< [0l Gaau(1-w) @ @1
0

(Re(p) = 0,Re(p) > 0,Re(o) > 0,Re(T) > 0;
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p = 0,Re(v) > Re(u) > 0,min{Re(s), Re(a)} > 0).

Proof. Applying the following relation [1,p.264(3.25)]:

(p.o,T) —
S T )

1,0—p—1

1
x f BOPP(ey) (1-wr) — du, (415)
0

in definition (2.1), we have

N

(p.o,7)
D
n! (n+a)s

Auv

(z,s,a;p) =

n=0
1,0—-p—1

leIEf,’p’T)(y +n,v—p) (1 - uﬁ) du
0 pT(c—p)B(v—w

(4.16)

Interchanging the order of summation and integration in
equation (4.16), which is verified under the given
conditions here, we get

) 1
pT(c—p)

oD (2,5,a;p) =

[[S Dt
o |& n! B(u,v—p) (n+a)s

o-p-1

1
x(1- uﬂ) du, (4.17)
which on using definition (2.1) gives the desired result.

1
Remark 4.1.Puttingw = u” in assertion (4.14) of
Theorem 4.4, we get the following result:

Corollary 4.1. For the extended Hurwitz-Lerch Zeta

i (p.0,7) . .
function @)’/ -~ (z,s,a; p), we have:

qﬂpﬁﬁ)

oD (2,5,a;p) =

I'(oc—p)
1
xfo d)/({’lff) (z,5,0; 0Pp) WP~ (1 — w)° P 'dw. (4.18)

Remark 4.2.Using the following relations [1,p.265]:

1 1
(p,o,1) (p,o—p,T)
B =——| B
P ) F(p)J;) (1-w)Pp )

X uP (1 —u )° P ldu, (4.19)
) 1 ! (oo
B0 0y 1 %
14 (xly) B(T,b _'T) o up (x'y)
xut (1 —u )" du, (4.20)

Al-Gonah and Mohammed Pages 39 - 48
(po+bir) L (M pon
p,0+b,T _ p,0,T
BP0y = 5 | B @)
xu’1(1—u )’ 'du. (4.21)

Theorem 4.5. For the extended Hurwitz-Lerch Zeta

(p.o,7)

function @;°

(z,s,a;p), we have:

q)(p,tf,r) q)(p.tf—pyr)

1 1
) = (1 — )P
A (z,s,a;p) F(p)fo v (z,s,a; (1 —w)Pp)

XuP (1 —u )P du, (4.22)

(Re(a) > Re(p) > 0,Re(1), Re(u), Re(v), Re(t) > 0),

oD

LoD (7,5,a;p) =

B(t,b —1)

1
% f q)(p.a.b)
0

e (s, aup)u™ (1 —u )P du, (4.23)

(Re(b) > Re(t) > 0,Re(1), Re(w), Re(v), Re(p), Re(a)
> 0),

q)(p,a+b,r)

1
G (25,a;p) = o

r'(b)

(z,s,q;uPp)u® (1 —u )P~'du, (4.24)

1
(p,o,7)
X f (] P
0

(Re(A), Re(u), Re(v),Re(p), Re(o), Re(t), Re(b) > 0).

Theorem 4.6. For the extended Hurwitz-Lerch Zeta

: (p,o,7) . .
function (D/Lu:v (z,s,a;p), we have:

1

q)(k,a,r)
I'(o) B(w,v—p)

A,M;V (ZI S; a; p) =

1
xj tA1(1 — )vet
0

[
kkt(1-t)

x @5 (tz,s,a;p) dt, (4.25)
(Re(p) = 0; k € N; Re(1), Re(i), Re(v), Re(0), Re(T) > 0).

Proof. Applying the following relation [1,p.266(3.44)]:

1 1
(k,0,7) x-1 -1
B V) =——| t 1—¢t)Y

Page 46
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R PR

1
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0
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